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ABSTRACT 
In ultra-deep water, well testing exposes wellbore fluids to low temperatures and high pressures for extended periods, and 
without the appropriate prevention measures, gas and water molecules in the production system can result in hydrate growth. 
Subsequently, the plugging of flowlines, valves and other subsea devices can occur. To define the operational measures 
required to avoid hydrate formation, it is essential to accurately predict temperature profiles. A fast and reliable method to do 
this would be highly beneficial for deepwater operations, and this study presents such a method.  
In order to predict gas temperatures during a shut-in period of a well test, this study derives an analytic solution for the 
temperature in any layer of the marine riser, as a function of shut-in time and radial distance from the centre of the well. From 
this solution, a Visual Basic code is developed, which allows shut-in temperature profiles to be computed on a spreadsheet. To 
verify the accuracy of this solution, computed profiles were compared with actual transient data from a gas well. The 
consistency between measured and computed temperatures suggests that the model can be used to predict temperatures during 
future shut-in operations. 
To predict gas temperatures during a flowing period of a test, a partial differential equation for the fluid temperature is 
derived. As opposed to existing solution methods to this equation, numerical integration is applied to improve the accuracy of 
heat transfer calculations. Using this method, a spreadsheet programme is engineered to output transient temperature profiles 
over the length of the well. The accuracy of this programme is then tested, by computing temperature profiles for flowing 
periods of a DST conducted in deepwater and comparing the outputs with gauge measurements. In addition, gas hydrates 
formed during the test, and the programme is then used to illustrate how this occurred. This demonstrates the potential of the 
methods developed in this study as effective tools for predicting gas hydrate formation during future operations. 
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Abstract 
In ultra-deep water, well testing exposes wellbore fluids to low temperatures and high pressures for extended periods, and 
without the appropriate prevention measures, gas and water molecules in the production system can result in hydrate growth. 
Subsequently, the plugging of flowlines, valves and other subsea devices can occur. To define the operational measures 
required to avoid hydrate formation, it is essential to accurately predict temperature profiles. A fast and reliable method to do 
this would be highly beneficial for deepwater operations, and this study presents such a method.  
In order to predict gas temperatures during a shut-in period of a test, this study derives an analytic solution for the 
temperature in any layer of the marine riser, as a function of shut-in time and radial distance from the centre of the well. From 
this solution, a Visual Basic code is developed, which allows shut-in temperature profiles to be computed on a spreadsheet. To 
verify the accuracy of this solution, computed profiles were compared with actual transient data from a gas well. The 
consistency between measured and computed temperatures suggests that the model can be used to predict temperatures during 
future shut-in operations. 
To predict gas temperatures during a flowing period of a well test, a partial differential equation for the fluid temperature is 
derived. As opposed to existing solution methods to this equation, numerical integration is applied to improve the accuracy of 
heat transfer calculations. Using this method, a spreadsheet programme is engineered to output transient temperature profiles 
over the length of the well. The accuracy of this programme is then tested, by computing temperature profiles for flowing 
periods of a DST conducted in deepwater and comparing the outputs with gauge measurements. In addition, gas hydrates 
formed during the test, and the programme is then used to illustrate how this occurred. This demonstrates the potential of the 
methods developed in this study as effective tools for predicting gas hydrate formation during future operations. 
Introduction 
Arguably, the toughest challenges in the petroleum industry occur during operations in deep water environments. The 
ambient temperatures experienced in these environments are low enough to be within the gas hydrate formation region, at 
operation pressures. Gas hydrates are crystalline compounds formed of water molecules in a lattice structure that is stabilized 
by encapsulating a low molecular weight guest molecule, such as methane or ethane. Hydrate growth occurs in the presence of 
appropriate quantities of gas and water molecules in the production system, and subsequently it can cause the plugging of 
flowlines, valves and other subsea devices. In order to complete a deep water well test, hydrate prevention is needed for flow 
assurance, and defining the operational measures used to do so requires an accurate prediction of the transient temperature 
profile.   
The primary motivation of this work is to present a practical approach towards computing transient temperature profiles, in 
order to identify the possibility of hydrate formation. To achieve this objective, a framework for computing transient 
temperature profiles on a spreadsheet is both developed and tested using the following steps: 
(1) Modelling the temperature profile during a shut-in period - To predict the temperature of the riser during a shut-in 
period, the riser is initially modelled as consisting of tubing surrounded by a layer of thermal insulation. The model is 
then extended to take into account heat transfer across both the annulus fluid and a layer of condensate water at the 
tubing wall. Analytic solutions are then obtained for both cases using a Green’s function approach.  
(2) Modelling the temperature profile during a drawdown period - From an energy balance, a flowing fluid model is 
developed for the transient temperature profile over the entire well. An analytic solution is then obtained using the 
method proposed by Hasan et al. (2005). A numerical integration method is then applied to obtain a solution that is 
less restricted by the assumptions used by Hasan et al.. 
(3) Field application - Using these models, spreadsheet programmes are developed, which output transient temperature 
profiles for both shut-in and drawdown periods. The accuracy of these models is then verified by computing 
temperature profiles for a DST conducted in a deep water environment and comparing the outputs with field data.  
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Literature Review  
One of the earliest methods for predicting temperature profiles in a flowing gas well was presented by Lesem et al. (1957). 
They derived a set of simultaneous linear partial differential equations describing the distribution of temperature in a flowing 
gas well, which they then solved using an operational technique known as the Laplace transform. They neglected wellbore 
thermal resistance and, among other simplifications, they assumed that both the mass flow rate of the gas stream and the 
product of density and heat capacity were constant.  
The work of Ramey (1962) laid the foundations for most approaches to modelling wellbore fluid temperature found in the 
literature. He developed expressions for estimating the temperature of fluids, tubing and casing, as functions of depth and time. 
In Ramey’s work, he assumed heat transfer in the wellbore to be at steady-state and heat transfer to the formation to be 
unsteady radial conduction. He claimed the most difficult step involved in wellbore heat transmission problems is the 
evaluation of an overall heat transfer coefficient, and he proposed a simple method to determine this coefficient. Satter (1965) 
made improvements to Ramey’s model by considering phase changes that occur within steam injection operations. Whillhite 
(1967) gave a detailed discussion of the overall heat transfer coefficient in steam and hot water injection wells. He also 
provided a brief derivation to indicate how various heat transfer mechanisms are included in this coefficient, as well as 
comparing predicted and field casing temperatures.  Shiu and Beggs (1980) simplified Ramey’s equation by developing an 
empirical method for predicting temperature profiles in flowing oil wells. Their method was designed to be used when 
insufficient information is available to evaluate the thermal resistances of the well and the formation’s thermal diffusivity. 
Further improvements were made by Sharma et al. (1989) who extended Ramey’s model to the case of a wellbore with a 
heater by treating the heater as a source term in the heat balance equation. Finally, Sagar et al. (1991) presented a more 
practical method for predicting temperature profiles in two-phase flowing wells. The Joule-Thomson and kinetic-energy 
contributions to the fluid temperature were replaced with a correlation generated from an extensive data base (380 wells).  
In the past, different methods have been used for predicting the flowing temperature distribution of fluids in pipelines and 
wellbores. Alves et al. (1992) developed a unified model, applicable to production or injection wells, over the entire 
inclination angle range, from horizontal to vertical.  
Wu and Pruess (1990) presented an analytical solution for wellbore heat transmission that adopts assumptions similar to 
those of Lesem et al. (1957). The main differences are that they introduced an overall heat transfer coefficient to consider the 
wellbore heat resistance, and modelled the surrounding earth as consisting of an arbitrary number of layers with different 
thermal and physical properties. From the application of their solution, they deduced that Ramey’s method will introduce large 
errors at early times in calculation of wellbore temperature. Hagoort (2004) revisited Ramey’s classic work, and comparison of 
his solution with a rigorous solution showed that the Ramey solution is an excellent approximation except for an early 
transient period, at which the Ramey solution significantly overestimates the temperatures.   
Rigorous prediction of the flowing temperature distribution in a wellbore requires the simultaneous solution of continuity, 
momentum and conservation of energy equations. Approaches to modelling transient flow problems in the literature can be 
categorized into two groups: those that consider an isothermal wellbore and those that consider a nonisothermal wellbore. The 
models of Winterfeld (1989) and Almehaideb et al. (1989) consider an isothermal wellbore, and are more applicable to 
onshore production from shallow reservoirs than production in an offshore environment. The models of Miller (1980) and 
Stone et al. (1989), among others, consider nonisothermal flow problems with fully implicit numeric coupling of the wellbore 
and reservoir. This approach involves solving the energy equation in addition to the mass and momentum equations for two-
phase flow. Kabir et al. (1996) developed coupled wellbore/reservoir simulators for gas, oil (Hasan et al. 1997) and two-phase 
flows (Hasan et al. 1998). These approaches were based on a hybrid model that solves the mass, momentum and energy 
equations numerically in the wellbore and analytically in the reservoir, by assuming a single-phase is flowing in the reservoir. 
Hasan et al. (2005) then decoupled the heat transfer equation and momentum equations by neglecting afterflow in the 
wellbore. As a result they were able to derive an analytic wellbore temperature model for transient gas-well testing. Izgec 
(2007) proposed extensions to this model to mimic afterflow during surface shut-in and relax some of the restrictive 
assumptions necessary to derive an analytic solution.  
More recently, Spindler (2011) extended the model of Hasan et al. (2005) to include conduction effects, and solved the 
model explicitly for both initial conditions and boundary conditions.  
To conclude this review, most existing models in the literature are designed for application in an onshore environment. 
Therefore, a quick, reliable and accessible method for computing transient temperature profiles in a deep water environment 
would be highly beneficial to the oil and gas industry. In this study, such a method is developed by creating a new approach to 
predicting shut-in temperature profiles and by building upon Hasan et al.’s work on wellbore fluid temperature. This study 
begins by developing this new approach to modelling shut-in temperature profiles. 
Modelling the Temperature Profile During a Shut-in Period  
Shutting in a well and monitoring the pressure buildup downhole provides a means to determine well flow capacity, 
permeability, skin effect, and other information.  During this period, the temperature of production fluids within the riser will 
eventually equal that of the surrounding ocean. As a result, the gas within a significant proportion of the riser will be exposed 
to conditions favourable for hydrate formation. Therefore, accurately predicting the temperature of the gas during this period is 
particularly important.  
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Most existing models in the literature assume steady-state heat transfer between the gas and surrounding medium, to 
simplify heat transfer calculations and allow computation of an overall heat transfer coefficient. In this section, a riser model is 
developed that considers both transient heat conduction in the radial direction and heat transfer to the surrounding ocean by 
forced convection, during a shut-in period. An analytical solution is derived for the temperature in any layer of the riser as a 
function of shut-in time and radial distance from the centre of the well.  
 
Three Layer Riser Model. As seawater flows around the riser, a complex boundary layer develops that affects local heat 
exchange by forced convection (see Fig. 1). Therefore, like the sea temperature, the velocity of the sea current is also a factor 
that will influence how the temperature of the riser changes with time. Hence, knowledge of the sea temperature and current 
velocity profiles is important for avoiding hydrate formation, and is thus a prerequisite for offshore well operations.  
The wind and tides can cause quasi-stable currents close to the ocean surface, and in large water depths, depth-dependent 
currents can occur. In the absence of accurate current profiles, it is possible to model the surface current, 𝑣𝑠(𝑧), as 
exponentially decreasing with depth, i.e.: 
𝑣𝑠(𝑧) = 𝑣𝑜𝑠𝑒
−𝛼1𝑧 …………………………………..………...…………………..…………..…………..…………………..(1) 
Where 𝑣𝑜𝑠 is the surface water velocity and 𝛼1 is a constant. Conversely, deep water currents tend to increase with distance 
(from the seabed) to a maximum, before peaking and diminishing. Similarly, in the absence of accurate current profiles, these 
currents can be modelled as: 
𝑣𝑑(𝑧) = 𝑣𝑜𝑑𝛽1 sin (
𝜋𝑧
𝑧𝑚
) 𝑒𝛽2𝑧 ……………………..………...…………………..…………..…………..…………………..(2) 
Where 𝑣𝑜𝑑 is the maximum velocity of the current, 𝛽1 and 𝛽2 are constants and 𝑧𝑚 is the depth of the seabed (Keller (2006)).  
With knowledge of the sea current velocity, this study can better predict the temperature of the riser during a shut-in 
period. In order to do this, we model the riser as production tubing surrounded by a layer of thermal insulation. The layer 
boundaries in the radial direction are denoted 𝑟1, 𝑟2 and 𝑟3 as in Fig. 1: 
 
 
 
 
 
 
 
 
 
 
 
 
To formulate this time-dependent heat transfer problem mathematically, it is assumed that: 
 The external surface of the insulation is subject to a uniform convective boundary condition 
 There is no temperature drop at the interface between layers 
 Each layer is homogenous and isotropic. 
In the case that the wellbore is shut-in downhole (e.g. during a DST), afterflow is minimized and the flow rate variation with 
depth quickly becomes negligible. Therefore, it is assumed that the gas inside the tubing is stagnant. Using these assumptions, 
the temperature  T𝑖(𝑟, 𝑡), in layer 𝑖 (𝑖 = 1,2,3) of the riser, at time 𝑡 and at distance 𝑟 from the centre of the riser, satisfies the 
equation:  
 
𝜆𝑖
𝑟
𝜕
𝜕𝑟
 (𝑟
𝜕𝑇𝑖
𝜕𝑟
) =  
𝜕𝑇𝑖 
𝜕𝑡
 for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] ….…………………………………………………………………………………..(3) 
 
Where 𝜆𝑖 is the thermal diffusivity corresponding to layer 𝑖. Eq. (3) is subject to the following boundary conditions for 𝑡 > 0: 
1) 𝑇1(0, 𝑡) <  ∞ (symmetry of the temperature profile at 𝑟 = 0)  ….........…………………………………………………..(3A) 
2) 𝑇1(𝑟1, 𝑡) = 𝑇2(𝑟1, 𝑡) and  𝑇2(𝑟2, 𝑡) = 𝑇3(𝑟2, 𝑡) (continuity of temperature at layer contacts) ..……………..…...…........(3B) 
3) 𝑘1
𝜕𝑇1
𝜕𝑟
|
𝑟1
= 𝑘2
𝜕𝑇2
𝜕𝑟
|
𝑟1
 and 𝑘2
𝜕𝑇2
𝜕𝑟
|
𝑟2
= 𝑘3
𝜕𝑇3
𝜕𝑟
|
𝑟2
  (continuity of heat flux at layer contacts)  ...….…………………..........(3C) 
4) 𝑘3
𝜕𝑇3
𝜕𝑟
|
𝑟3
+ ℎ𝑐𝑜𝑇3(𝑟3) = ℎ𝑐𝑜𝑇𝑠𝑒𝑎   (convective outer boundary condition) 
. ………………………………….….....……..(3D) 
Where 𝑘𝑖  is the thermal conductivity corresponding to layer 𝑖, and ℎ𝑐𝑜 is the coefficient of convective heat transfer. Each layer 
will be at a specified initial temperature, i.e. 𝑇𝑖(𝑟, 𝑡 = 0) = 𝑓𝑖(𝑟),  for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] and 𝑖 = 1,2,3. This initial temperature 
distribution is determined by the energy input from gas flowing through the riser during the preceding flow period. A detailed 
derivation of the solution to Eq. (3) problem is contained in appendix B. This solution (an expression for the temperature in 
any layer of the riser model) is written compactly in terms of Green’s function notation as: 
 
   
 
 
 
Production Tubing 
Gas 
Sea Current Direction 
Thermal Insulation 
Fig. 1—Riser model cross section with complex boundary layer caused by sea currents 
10                                                                       Practical Methods for Predicting Hydrate Formation during Gas Well Testing in Ultra-Deep Water 
 
𝑇𝑖(𝑟, 𝑡) = 𝑇𝑠𝑒𝑎 + ∑ ∫ ?̂?
𝑟𝑗
?̂?=𝑟𝑗−1
𝐺𝑖𝑗(𝑟, 𝑡 | ?̂?, 𝜏)|𝜏=0 𝐹𝑗(?̂?) 𝑑?̂? 
3
𝑗=1
  for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] ……………………………………………..(4) 
Where the functions 𝑁𝑛 and 𝐺𝑖𝑗(𝑟, 𝑡 | ?̂?, 𝜏)|𝜏=0 are given by:  
As the gas is modelled as occupying the first layer of the riser, setting 𝑖 = 1 gives the temperature profile of the gas as a 
function of time and radial distance from the centre of the well. This solution can be implemented into a spreadsheet by using a 
visual basic code to find the eigenvalues, 𝛽𝑛 ,  and eigenfunctions, 𝜓𝑖𝑛 , needed to obtain the temperature distribution. The 
visual basic code written for this purpose is included in full detail in appendix C. The code uses a Newton-Raphson iteration 
method to find the eigenvalues and the run time is on average less than 4 minutes. A typical output of the spreadsheet is shown 
in Fig. 2 below, with the corresponding inputs shown in Table 1. As the temperature of the gas is the primary concern, the 
code was designed for 𝑟 𝜖 [0, 𝑟1 ], however the model could be used to investigate the effect of varying tubing or insulation 
thickness on the cool-down time. In addition, the model requires approximations to the volumetric heat rate and external heat 
transfer coefficient (see Table 1), and methods for doing so are given in appendix D. 
  
 
 
 
Five layer Riser Model. The riser model developed in the previous section is now extended to take into account heat transfer 
across both the annulus fluid and a layer of condensate water at the tubing wall.  
A thin layer of condensate water can form during the preceding drawdown period (assuming the well was flowing 
before shut-in). This occurs when the temperature of the gas flowing up the tubing drops below its initial value and water 
condenses out out. Under normal circumstances, most of the condensed water will flow with the gas, however some water will 
attach to the tubing wall due to the adherent force. As gas continues to flow inside the tubing, an increasing volume of water 
will attach to the tubing wall and a thin layer of water will form. Heat transferred from the gas to the surface of the tubing must 
therefore pass through the condensate layer via conduction. The thickness of the water layer depends on water movement 
within this layer, and is determined by forces such as gravity, buoyancy and friction. Fig. 3 shows a schematic of this scenario 
occurring within the riser. 
.  
 
 
 
 
 
 
 
𝑁𝑛 = ∑
𝑘𝑗
𝜆𝑗
3
𝑗=1
∫ ?̂? 𝜓𝑗𝑛
2(?̂?)
𝑟𝑗
𝑟𝑗−1
 𝑑?̂?   and  𝐺𝑖𝑗(𝑟, 𝑡 | ?̂?, 𝜏)|𝜏=0 = ∑ 𝑒
−𝛽𝑛
2𝑡
1
𝑁𝑛
𝑘𝑗
𝜆𝑗
𝜓𝑖𝑛(𝑟)𝜓𝑗𝑛(?̂?)
∞
𝑛=1
 ………………………………..(5) 
Table 1- Inputs to the spreadsheet 
Previous Drawdown Data 
Volumetric Heat Rate (w/m3) 20000 
Riser Data 
Tubing Inner Radius R1 (m) 0.065 
Tubing Outer Radius  R2 (m) 0.095 
Thermal Insulation Radius  R3  (m) 0.16 
Point for Simulation (m) <  R1 0.05 
Ambient Sea Temperature 4 
Convective Heat Transfer Coefficient (W/m2K) 60 
Gas Properties 
Thermal Conductivity (w/mK) 0.03 
Density (kg/m3) 80 
Specific Heat Capacity (J/kgK) 0.0031 
               Production Tubing Properties  
Thermal Conductivity (W/mK) 48 
Density (Kg/m3) 7840 
Specific Heat Capacity (J/KgK) 500 
                 Thermal Insulation Properties  
Thermal Conductivity (W/mK) 0.8 
Density (Kg/m3) 1500 
Specific Heat Capacity (J/kgK) 1445 
Fig. 3—Riser cross section (vertical) showing water film at the tubing wall 
Fig. 2—Output from solution implemented into Excel spreadsheet 
 
Gas + Condensate Water  
Water Layer 
Ocean 
Production Tubing 
Outer Riser Annulus Fluid 
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During the subsequent shut-in period, there will be no flowing gas to lift the condensed water inside the tubing. In this case, 
some water will begin to move downward, due to gravity, and more water will condense out from the natural gas as the tubing 
temperature continues to decline. The amount of water in the tubing wall layer will therefore be influenced by both water 
entering the layer due to additional condensation, and water leaving the layer due to gravity. In order to calculate the heat 
transfer during this period, it is assumed that the rate of condensation is equal to the rate of fluid draining down the tubing 
wall. 
In a typical onshore well, heat transfer across the annulus will take place due to conduction and natural convection. This is 
because the fluid within the annulus is in contact with surfaces at different temperatures, and so convection cells will develop. 
However, in water depths exceeding 5000 ft, these natural convection cells will most likely be suppressed by the weight of the 
above fluid column, and the majority of heat transfer will be due to conduction across the fluid layer. Assuming that this is the 
case, the problem is reduced to an extension of Eq. (3) to five layers: 
𝜆𝑖
𝑟
𝜕
𝜕𝑟
 (𝑟
𝜕𝑇𝑖
𝜕𝑟
) =  
𝜕𝑇𝑖 
𝜕𝑡
 for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] and 𝑖 = 1,2,3,4,5 ….…………..…………………………………………………..(6) 
 
This is subject to the following boundary conditions (see Eq. (3A) – (3D) for the mathematical formulation):  
 Symmetry of the temperature profile at 𝑟 = 0  
 Continuity of temperature at layer contacts  
 Continuity of heat flux at layer contacts  
 Convective outer boundary condition  
The initial temperature distribution of each layer is determined by the preceding drawdown period. The method used to obtain 
the solution to Eq. (3) extends to this five layer problem, and the temperature distribution in any region, 𝑖, for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] 
and 𝑖 = 1,2,3,4,5, is compactly written in terms of Green’s functions as: 
𝑇𝑖(𝑟, 𝑡) = 𝑇𝑠𝑒𝑎 + ∑ ∫ ?̂?
𝑟𝑗
?̂?=𝑟𝑗−1
𝐺𝑖𝑗(𝑟, 𝑡 | ?̂?, 𝜏)|𝜏=0 𝐹𝑗(?̂?) 𝑑?̂? 
5
𝑗=1
 for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ]  where  𝑁𝑛 = ∑
𝑘𝑗
𝜆𝑗
5
𝑗=1
∫ ?̂? 𝜓𝑗𝑛
2(?̂?)
𝑟𝑗
𝑟𝑗−1
 𝑑?̂? ….…..(7) 
Where 𝑟1, . . 𝑟5 correspond to the layer boundaries shown in Fig. 4:   
 
 
 
 
 
 
 
 
Setting 𝑖 = 1 gives the temperature profile of the gas as a function of time and radial distance from the centre of the well. This 
solution is implemented into a spreadsheet, and the visual basic code written to do so is included in appendix E.  
In addition to predicting the temperature of the gas, this analytic solution (Eq. (7)) could be used to study the temperature 
of the water layer (at the tubing wall) during a shut-in period. Gas hydrate formation typically starts from this water layer, as 
this is the radial point of lowest temperature, and the location of the required high concentrations of host and guest molecules.  
Therefore, by providing a solution for the temperature in any layer of the riser, this section has provided an effective method to 
anticipate and avoid hydrate formation during a shut-in period.   
Modelling the Temperature Profile During a Drawdown Period  
During a flowing period, operating conditions can be within the hydrate formation region, and hence accurately predicting the 
temperature of the gas during this period is also important. In this section, the framework for computing transient temperature 
profiles during a flowing period is developed, however a different approach is adopted than that used in the previous section. 
Here, a partial differential equation is initially derived for the fluid temperature as a function of depth and time. This equation 
is then solved analytically using an approach by Hasan et al. (2005). A new approach to solving this equation, by numerical 
integration, is then proposed, as this solution is less restricted by the assumptions used by Hasan et al. Finally, a method for 
calculating the overall heat transfer coefficient is presented, as determining this coefficient is an integral part of predicting 
accurate temperature profiles.  
 
Wellbore Fluid Temperature. In order to derive a partial differential equation for fluid temperature, the following 
assumptions are made: 
Thermal Insulation 
Pipe
Gas
Casing
  
  
  
  
  
Sea Current Direction 
Annulus Fluid 
Outer Riser 
Production Tubing 
Water Layer 
Gas + Water of Condensation 
Fig. 4—Riser cross section with water film and complex boundary layer caused by the ocean 
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 The gas is flowing through a cylinder that has a constant inner diameter and constant length  
 The gas is  Newtonian 
 The well is initially capped, and the initial temperature distribution is that of the ambient temperature distribution.  
In addition, by considering temperature variation in the vertical direction, 1D conservation equations can be employed to 
further simplify the problem.  
An energy balance is then performed over a control volume of length Δz (see appendix F). By balancing energy transfer in 
and out of the control volume the following partial differential equation is obtained:  
𝑄 =
𝜕(𝑚𝐸)𝑓
𝜕𝑡
+
𝜕(𝑚′𝐸′)𝑤
𝜕𝑡
−
𝜕
𝜕𝑧
 (𝑤𝐻 +
𝑤𝑣2
2
− 𝑤𝑔𝑧 sin 𝜃) .…………………..…………..…………..…………………..(8) 
Where 𝐸 is the fluid internal energy, 𝐻 is the fluid enthalpy, 𝑚 is the fluid mass in the control volume, (𝑚𝐸)𝑓 is the internal 
energy and mass of the fluid, and (𝑚′𝐸′)𝑤 represents the energy absorbed or released by the tubing and cement sheaths in the 
wellbore. 
 By assuming that the radial heat transfer between the wellbore fluid and formation is at steady-state, the heat energy 
flowing through each of the elements will be equal. Then, the heat loss to or from the formation is given by:  
𝑄 = 𝑤𝑐𝑝(𝑇𝐹𝑛 − 𝑇𝑓)𝐿𝑅 ..……………………………..………...…………………..…………..…………..…………………..(9) 
Where 𝑐𝑝 is the fluid heat capacity and 𝐿𝑅 is the relaxation parameter. 𝐿𝑅 can be viewed as a type of overall heat transfer 
coefficient for the formation/wellbore system, with units 1/length. Formally, 𝐿𝑅 is given by:  
𝐿𝑅 ∶=  
2𝜋
𝑤𝑐𝑝
(
𝑟𝑡𝑜𝑈𝑡𝑜𝑘𝑒
𝑘𝑒 + (𝑟𝑡𝑜𝑈𝑡𝑜𝑇𝐷)
) ..………………………………….……………..…………..…………..…………………..(10) 
Where 𝑈𝑡𝑜 is the overall heat transfer coefficient, 𝑘𝑒 is the formation thermal conductivity, 𝑟𝑡𝑜 is the tubing outer radius and 
𝑇𝐷 is the dimensionless formation temperature distribution function (see appendix F). For fluid flowing through the riser, the 
riser configuration as in Fig. 4 is assumed, and in this case the relaxation parameter is given by: 
𝐿𝑅 ∶=  
2𝜋𝑟𝑡𝑜𝑈𝑡𝑜
𝑤𝑐𝑝
 ….……....……....……....………....……....……....……....……....……....…………..…………………..(11) 
Initially, Hasan et al.’s (2005) method is used to derive an analytic solution for 𝑇𝑓(𝑧, 𝑡), and subsequently, a numerical method 
is proposed, which relaxes some of the simplifying assumptions made in obtaining the solution. A detailed derivation of the 
analytic solution is included in appendix F. 
 In order to arrive at an analytic solution to Eq. (8), it must be assumed that: 
 The mass flow rate of the gas is independent of depth 
 The temperature rise of the cement sheath and tubing may be taken as a fraction of the rise in fluid temperature, 
i.e. (𝑚′𝐸′)𝑤 = 𝐶𝑇(𝑚𝐸)𝑓. Where the thermal-storage parameter, 𝐶𝑇, represents the capacity of the wellbore to 
store or release heat as a multiple of the fluid mass and fluid heat capacity  
 The temperature gradient can be approximated by a steady-state expression (the results obtained from making this 
type of approximation will become more accurate as time increases as steady-state is approached).  
With these assumptions, Eq. (8) then becomes: 
𝑑𝑇𝑓
𝑑𝑡
+
𝑣𝐿𝑅
(1 + 𝐶𝑇)
𝑇𝑓 = 
𝑣
(1 + 𝐶𝑇)
(𝑇𝐹𝑛(𝑧)𝐿𝑅 +  𝜓(1 − 𝑒
(𝑧−𝐿)𝐿𝑅)) ………………..…………..…………..…………………..(12) 
Where 𝜓 is given by: 
𝜓 = 𝑔𝐺𝑠𝑖𝑛𝜃 + 𝜙 −
𝑔𝑠𝑖𝑛𝜃
𝑐𝑃𝐽𝑔𝑐
 …………………………………….………………..…………..…………..…………………..(13) 
Here, 𝑣 is the fluid velocity, 𝑔𝑐 and 𝐽 represent appropriate conversion factors and 𝜙 is a lumped parameter combining the 
Joule-Thomson effect and kinetic energy contribution: 
𝜙 =  
𝑣
𝑐𝑝𝐽𝑔𝑐
𝜕𝑣
𝜕𝑧
− 𝐶𝐽
𝜕𝑝
𝜕𝑧
 ..………………………………………….……………..…………..…………..…………………..(14) 
Where 𝐶𝐽 is the Joule-Thomson coefficient, which is a measure of the change in temperature of a fluid for a given change in 
pressure, at constant enthalpy. Eq. (12) is a first-order linear ordinary differential equation for fluid temperature in time, which 
can be solved using an integrating factor. Assuming that both the relaxation parameter, 𝐿𝑅 , and formation temperature are 
constant, the following expression is obtained for the fluid temperature in depth and time:  
𝑇𝑓(𝑧, 𝑡) = 𝑇𝐹𝑛(𝑧)    +  
𝜓(1 − 𝑒(𝑧−𝐿)𝐿𝑅)
𝐿𝑅
(1 − 𝑒
−
𝑣𝐿𝑅
(1+𝐶𝑇)
𝑡
) ………………………..…………..…………..…………………..(15) 
The Runge-Kutta Method. In order to obtain Hasan et al.’s analytic solution above, Eq. (15), it was assumed that both the 
relaxation parameter, LR, and formation temperature remained constant. The assumption of a constant relaxation parameter 
will lead to inaccuracies in the case of a flowing well; LR depends on the overall heat transfer coefficient (see Eq. (10) and Eq. 
(11) above), which is a function that changes in both depth and time. In addition, the assumption that the surrounding 
formation temperature is constant will also induce errors. This is because, as production continues, heat transfer from the 
wellbore causes a gradual rise in the temperature of the surrounding formation. As a result, this will cause a slow decrease in 
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the rate of heat transfer between the gas and formation, meaning that the analytic solution will overpredict the fluid 
temperature. To allow the relaxation parameter and formation temperature to vary in both depth and time, a numerical 
integration method is used. Differential equation Eq. (12) can be written in the form: 
𝑑𝑇𝑓
𝑑𝑡
= 𝑓(𝑇𝑓(𝑧, 𝑡), 𝑡) =   
𝑣
(1 + 𝐶𝑇)
((𝑇𝐹𝑛(𝑧, 𝑡) − 𝑇𝑓(𝑧, 𝑡))𝐿𝑅(𝑧, 𝑡) +  𝜓(1 − 𝑒
(𝑧−𝐿)𝐿𝑅)) ………...……..…………………..(16) 
With initial value 𝑇𝑓(𝑧, 0) =  𝑇𝐹𝑛(𝑧, 0) ∶= 𝑇𝑓 
0. An RK4 (Runge-Kutta) method is utilised, which uses a trial step at the 
midpoint of an interval to cancel out lower-order error terms. This method is relatively simple and robust, and when combined 
with an intelligent adaptive step-size routine, it becomes a good candidate for numerical solution of Eq. (16). For a step size 
ℎ > 0, we define: 
𝑇𝑓𝑛+1 ∶= 𝑇𝑓𝑛 +
1
6
(𝐾1 + 2𝐾2 + 2𝐾3 + 𝐾4) ……………………..………………..…………..…………..…………………..(17) 
With 𝑡𝑛+1 = 𝑡𝑛 + ℎ for  𝑛 = 0,1,2,3, …, and 
𝐾1 = ℎ𝑓 (𝑡𝑛, 𝑇𝑓𝑛) , 𝐾2 = ℎ𝑓 (𝑡𝑛 +
1
2
ℎ, 𝑇𝑓𝑛 +
1
2
𝐾1) ,  𝐾3 = ℎ𝑓 (𝑡𝑛 +
1
2
ℎ, 𝑇𝑓𝑛 +
1
2
𝐾2),   𝐾4 = ℎ𝑓 (𝑡𝑛 + ℎ, 𝑇𝑓𝑛 + 𝐾3) 
In order to update the formation temperature at each time step, an expression for the variation of the formation temperature as 
a function of time is required. It is possible to obtain a partial differential equation describing how the formation temperature 
varies with radial distance (from the well) and production time. Hasan et al. (1991) obtained this equation by performing an 
energy balance on the formation, and subsequently approximated the corresponding solution to obtain a useful expression for 
the formation temperature:  
𝑇𝐹𝑛  (𝑟𝐷 , 𝑡𝐷) ≈ 𝑇𝐹𝑛0 −
𝑄
2𝜋𝑘𝑒
ln (𝑒−0.15𝑡𝐷 + (1.05 − 0.372𝑒−𝑡𝐷)𝑡𝐷
0.52) ………….…….………...……..…………………..(18) 
Where 𝑇𝐹𝑛0 is the undisturbed formation temperature. The fluid temperature during a flowing period was then calculated in a 
spreadsheet, first using the analytic solution and then RK-4 numerical integration. Fig. 5 (a) compares the fluid temperature at 
a point below the seabed calculated by these two different approaches. The analytic solution is overpredicting the fluid 
temperatures as it does not take into account changes in 𝐿𝑅 and the formation temperature.  
 
 
 
The energy balance (Eq. (8)) can be simplified to describe the fluid temperature during a shut-in period. As a result, this 
allows the prediction of the fluid temperature over an entire well test, at a given depth. The solution for the fluid temperature 
derived in the previous section (for a shut-in period) considers transient heat transfer, as opposed to assuming steady-state heat 
transfer. Therefore, this solution should be used for predicting cool-down behavior above the seabed. Following well shut-in at 
the surface, afterflow at the sandface can persist for sometime. We will assume that the rate variation with depth quickly 
becomes negligible, which is more realistic for the case of downhole shut-in. In this case the mass flow rate, 𝑤, is zero and Eq. 
(8) (energy balance) becomes: 
𝑄 =
𝑑(𝑚𝐸)𝑓
𝑑𝑡
+
𝑑(𝑚′𝐸′)𝑤
𝑑𝑡
 ……………………………………………………….…….………...……..…………………..(19) 
Where the heat loss to or from the formation is then given by:  
𝑄 = 𝑤𝑐𝑝(𝑇𝐹𝑛 − 𝑇𝑓)𝐿𝑅 …..……………………………………………………….…….………...……..…………………..(20) 
For a shut-in period, we omit the fluid mass flow rate from Eq. (10) and therefore 𝐿𝑅 is given by:  
Fig. 5—(a) Flowing gas temperature calculated by RK4 numerical integration and Hasan et al. analytic solution (b) Shut-in gas 
temperature calculated by RK4 numerical integration and Hasan et al. analytic solution   
 
Time (Hours) 
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𝐿𝑅 ∶=  
2𝜋
𝑐𝑝
(
𝑟𝑡𝑜𝑈𝑡𝑜𝑘𝑒
𝑘𝑒 + (𝑟𝑡𝑜𝑈𝑡𝑜𝑇𝐷)
) ...……………………...………………………….…….………...……..…………………..(21) 
Assuming that the temperature rise of the wellbore system is a fraction of the rise in fluid temperature, Eq. (19) reduces to the 
following:  
𝜕𝑇𝑓
𝜕𝑡
=
𝐿𝑅
𝑚(1 + 𝐶𝑇)
 (𝑇𝐹𝑛 − 𝑇𝑓) .………..……………...………………………….…….………...……..…………………..(22) 
Where the fluid temperature at time 𝑡 = 0 is equal to the fluid temperature prior to shut-in, 𝑇𝑆. Assuming that both 𝐿𝑅 and the 
formation temperature are constant in time, the following expression is obtained (by integrating Eq. (22)) for the fluid 
temperature during a shut-in period: 
𝑇𝑓(𝑧, 𝑡) = (𝑇𝑆 − 𝑇𝐹𝑛)𝑒
−
𝐿𝑅
𝑚(1+𝐶𝑇)
 𝑡
+ 𝑇𝐹𝑛 
………..……..………………………….…….………...……..…………………..(23) 
This expression is the analytic solution to Eq. (22) that Hasan et al. (2005) proposed. However, this study recommends using 
the RK4 numerical integration method for solving Eq. (22), to remove the assumptions that both  𝐿𝑅 and the formation 
temperature are constant. Fig. 5 (b) compares the fluid temperature calculated for a shut-in period using each of these two 
different approaches. When using numerical integration, the solution takes into account the fact that the rate of heat transfer 
changes as the formation temperature changes. Conversely, the analytic solution ignores this, and therefore overpredicts the 
rate of heat transfer and thus also the cool down behaviour. The solutions to partial differential equations Eq. (16) and Eq. (22) 
govern the fluid temperature during drawdown and shut-in respectively. Thus, by developing these solutions into a spreadsheet 
that calculates temperature profiles, a programme is created that can calculate the temperature of the fluid over the duration of 
an entire well test, at any given depth. Table 2 is an example of some typical well test data that would be inputted to the 
spreadsheet, and the corresponding output is shown in Fig. 6. Appendix G contains the visual basic code used to generate Fig. 
6, along with the spreadsheet programme layout.  
   
 
 
Fluid Pressure. The fluid temperature depends on 𝜙 (defined in (Eq. (14)), a parameter that encompasses both the Joule-
Thomson effect and kinetic energy contribution to temperature. In the literature, 𝜙 is frequently approximated by an empirical 
expression presented by Sagar et al. (1991) (appendix F), which is applicable for flow rates less than 5 lbm/s. For flow rates 
higher than 5 lbm/s, Sagar et al. suggest setting 𝜙 = 0,  however, when mass flow rates exceed 5 lbm/s, errors will be induced 
(setting 𝜙 = 0 ignores both the Joule-Thomson and kinetric energy contributions to fluid temperature).      
Therefore, to better approximate the term 𝜙, it is necessary to simultaneously solve for the fluid pressure and temperature. 
To do this, the lengths of the wellbore and riser are discretised into a total of 2000 sections, and the average pressure gradient 
for each section is calculated. Fluid density may then be obtained from fluid pressure, temperature and gas gravity as: 
𝜌 =
28.97𝛾𝑔𝑝
𝑧𝑅𝑇
 ………..……..……….………..……..………………………….…….………...……..…………………..(24) 
The total pressure gradient is the sum of the frictional gradient, the hydrostatic gradient, and the acceleration gradient:  
−
𝜕𝑝
𝜕𝑧
=  
𝑓𝑣2𝜌
2𝑔𝑐𝑑
+ 𝜌
𝑔 sin 𝜃
𝑔𝑐
+ 
𝜌𝑣
𝑔𝑐
𝑑𝑣
𝑑𝑧
 …..………..……..………………………….…….………...……..…………………..(25) 
Where the friction factor, 𝑓, depends on the turbulence of the fluid and the pipe roughness. We can rewrite partial differential 
equation (12) to relate fluid temperature to well depth as:   
Table 2- Inputs to the spreadsheet 
Test Duration (hr): 101 
Depth for Simulation (ftss) 5000 
Number of Flow Periods:  10 
 Gas Rate MMscf/D Duration (hr) 
1 35 8 
2 0 12 
3 42 10 
4 0 9 
5 50 9 
6 0 11 
7 65 12 
8 0 12 
9 30 6 
10 0 12 
𝜕𝑇𝑓
𝜕𝑧
=
(1 + 𝐶𝑇)
𝑣
𝜕𝑇𝑓
𝜕𝑡
− [𝑇𝐹𝑛(𝑧) − 𝑇𝑓]𝐿𝑅 − (
𝑣
𝑐𝑝𝐽𝑔𝑐
𝜕𝑣
𝜕𝑧
− 𝐶𝐽
𝜕𝑝
𝜕𝑧
−
𝑔𝑠𝑖𝑛𝜃
𝑐𝑝𝐽𝑔𝑐
) ………...….………...……..…………………..(26) 
Fig. 6—Example calculation of fluid temperature over an entire test 
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The numerical solutions of partial differential equations (25) and (26) are used to develop a spreadsheet programme that 
computes temperature and pressure profiles over the length of the well, for a given time and flow rate. Eq. (25) and Eq. (26) 
are coupled and therefore must be solved simultaneously. This is done using a numerical integration method which can be 
referred to as a joint pressure and temperature traverse. This is carried out as follows: 
For a given inputted time, the programme starts from the known bottomhole temperature and pressure (considered as initial 
conditions) and performs numerical integrations of Eq. (25) and Eq. (26) (using these initial conditions) to first obtain the fluid 
temperature, followed by the pressure, at the next discretised section. This process is then repeated for the next discretised 
section, using the newly obtained pressure and temperature as the new initial conditions. Therefore, once the programme is 
complete, it will have obtained the pressure and temperature at every discretised point in the well, for a given time.      
Fig. 7 shows example fluid temperature and pressure profiles calculated by this programme, at 0, 0.5 and 5 hours 
respectively. The initial fluid temperature profile, 𝑇𝑓(𝑧, 0), is equal to the ambient temperature profile - as one would expect 
after an extended shut-in period. In this particular example, the well is flowing constantly at 60 MMscf/D. 
 
 
Overall Heat Transfer Coefficient. Computation of the temperature of the flowing gas using this spreadsheet programme 
requires the calculation of an overall heat transfer coefficient at every discretised section. This coefficient encompasses the 
thermal resistances encountered by heat flow between the wellbore fluid and the surrounding medium.  
Radial heat transfer between the wellbore fluid and the surrounding medium (formation or ocean) must overcome thermal 
resistances offered by: the condensate water layer (when present), the tubing wall, fluid within the annuli, casing walls and 
cement layers. Fig. 8 summarises the heat transfer mechanisms involved. Willhite (1967) developed an expression for the 
overall heat transfer by assuming heat transfer to be at steady-state. Under this assumption, the overall heat transfer coefficient, 
𝑈𝑡𝑜, is given by (see appendix F for derivation):  
1
𝑈𝑡𝑜
=
1
(ℎ𝑎 + ℎ𝑟)
+
𝑟𝑡𝑜
𝑟𝑤𝑖ℎ𝑡
+
𝑟𝑡𝑜ln (
𝑟𝑡𝑖
𝑟𝑤𝑖
)
𝑘𝑤
+
𝑟𝑡𝑜ln (
𝑟𝑡𝑜
𝑟𝑡𝑖
)
𝑘𝑡
+
𝑟𝑡𝑜ln (
𝑟𝑐𝑜
𝑟𝑐𝑖
)
𝑘𝑐𝑎
+
𝑟𝑡𝑜ln (
𝑟𝑤𝑏
𝑟𝑐𝑜
)
𝑘𝑐𝑒
 ……….……...……..………………..(27) 
For a given well, the only variables on the right-hand side of Eq. (27) are ℎ𝑎 , ℎ𝑟 and ℎ𝑡 . Thus, in this section, this study 
demonstrates how these variables can be obtained, as they will have a significant impact on 𝑈𝑡𝑜 . The first term in Eq. (27) 
represents the resistance to heat transfer offered by the annulus fluid. This term is comprised of a radiative heat transfer 
coefficient ℎ𝑟, and a convective heat transfer coefficient ℎ𝑎.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7—(a) Fluid temperature and (b) fluid pressure profiles over the length of the well. The well is flowing at 60 MMscf/d and the 
curves are the fluid temperature and pressure at time t=0, 0.5 and 4 respectively. 
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Fig. 8—Thermal resistances offered by a typical well. 
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Numerical studies by Chin and Wang (2004) show that when the temperature differential between the production tubing and 
casing is high, radiation effects can contribute significantly to the overall heat transfer. The radiative heat transfer coefficient 
can be obtained as: 
ℎ𝑟 =
𝜎(𝑇1
2 + 𝑇2
2)(𝑇1 + 𝑇2)
1
𝜖1
+
𝑑1
𝑑2
(
1
𝜖2
− 1)
 ……….…………….…………….…………….…………….……....……..…………………..(28) 
Where 𝑑1 and 𝑑2 are the diameters of surface 1 and 2 respectively, 𝜖1 and 𝜖2 the emissivities, and 𝜎 the Stefan-Boltzmann 
constant with a value 0.1714 𝑥10−8 Btu/h.ft2.oR4. In order to calculate the convective heat transfer coefficient across the 
annulus, ℎ𝑎, Fishenden and Saunders (1952) present the following correlation: 
ℎ𝑎 = 0.1 (
𝑑𝑐𝑖
𝑑𝑡𝑜
)
0.15
(
𝜌𝑎
2𝛽𝑔(𝑇𝑡𝑜 − 𝑇𝑐𝑖)
𝜇𝑎2
)
0.3
𝑘𝑎
𝑑𝑡𝑜
0.1 (
𝑐𝑝𝜇𝑎
𝑘𝑎
)
0.3
 ……………….…………….……....……..…………………..(29) 
Where 𝛽 is the volumetric thermal expansion coefficient. This correlation is based on experiments conducted on short tubes in 
laboratories and thus when used for wellbore heat transmission problems, its true value may differ slightly. In addition, Hasan 
and Kabir (2002) used 0.25ℎ𝑎, as they found that it matched field data well, although they did not present any theory to 
explain their choice.    
The second term in Eq. (27), ℎ𝑡 , represents the heat transfer by forced convection between the flowing gas and the inner 
surface of the tubing or water layer (if present). Fishenden and Saunders (1952) recommend the following correlation 
(assuming the flow is turbulent):  
ℎ𝑡 =
𝑘𝑒
𝑑
0.020𝑅𝑒0.8 ...…………….…………….…………….…………….…………….……....……..…………………..(30) 
Where the Reynolds number, 𝑅𝑒, is a dimensionless quantity that is used to predict similar flow patterns in different fluid flow 
situations. It is defined as the ratio of inertial forces to viscous forces i.e. 𝑅𝑒 = 𝜌𝐯𝑑/𝜇.  
For production through the riser, there will be less resistance to the flow of heat between the gas and the surrounding 
medium. In this case, the overall heat transfer coefficient is given by: 
1
𝑈𝑡𝑜
=
𝑟𝑡𝑜
𝑟𝑤𝑖ℎ𝑡
+
𝑟𝑡𝑜ln (
𝑟𝑡𝑖
𝑟𝑤𝑖
)
𝑘𝑤
+
𝑟𝑡𝑜ln (
𝑟𝑡𝑜
𝑟𝑡𝑖
)
𝑘𝑡
+
1
(ℎ𝑎 + ℎ𝑟)
+
𝑟𝑡𝑜ln (
𝑟𝑐𝑜
𝑟𝑐𝑖
)
𝑘𝑐𝑎
+
𝑟𝑡𝑜
𝑟𝑐𝑜ℎ𝑐𝑜
 …………….……...……..…………………..(31) 
The last term in Eq. (31), ℎ𝑐𝑜 , is the external heat transfer coefficient. As mentioned, natural sea currents will make forced 
convection the most likely form of heat exchange at the external surface of the riser. The value of ℎ𝑐𝑜used in this study is 
based on measurements for flow across isolated cylinders made by Fishenden and Saunders (1952): 
ℎ𝑐𝑜 =
𝑘
𝑑
0.26(Re)0.6(Pr)0.3 ………….………….…………….…………….…………….……....……..…………………..(32) 
Where the Prandtl number, 𝑃𝑟 , is the ratio of kinematic viscosity to thermal diffusivity, i.e. 𝑃𝑟  = 𝑐𝑝𝜇/𝑘. This relationship is 
applicable for both pipelines exposed to air currents and sea currents.  
Field Application 
To test the accuracy of the developed models, the fluid temperature during a DST was simulated. The DST was conducted in a 
deep water environment, with water depths near 4000 ft and ambient temperatures as low as 4oC. Despite the injection of 
hydrate inhibitors, gas hydrates formed while the well was flowing at significant flow rates, and the spreadsheet programme is 
used to illustrate how this occurred. 
 
Deepwater DST.  Temperature predictions were made for a shut-in period using the analytic solution derived for the five layer 
riser model (Eq. 7). The thickness of the condensate water layer was set to 0.01 mm, the external sea temperature to 3.6oC, and 
the sea current velocity to 0.5 m/s (according to the thermobathymetry measurements reported). The calculated temperature is 
compared against measurements made by a temperature gauge (every ten seconds) located in the landing string carrier, and 
this is illustrated in Fig. 9. For this particular shut-in period, the analytic solution and the temperature gauge are in good 
agreement. The configuration of the marine riser was obtained from Deep Sea Metro Ltd (2011) and the inputs to the 
spreadsheet programme are shown in Table 3. In addition, temperatures were calculated for a number of shut-in periods 
(varying only the volumetric heat rate from the preceding flow period) and then compared against the gauge temperature. 
These plots are contained in appendix H, and on average, the gauge and calculated temperatures are in good agreement.  
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The fluid temperature was calculated for the entire duration of the DST (at a specific depth) using the spreadsheet 
programme, which implements a numerical method to solve both the flowing fluid model (Eq. (16)) and the shut-in model (Eq. 
(22)). Fig. 10 illustrates a comparison of the calculated temperatures with the temperatures measured by a gauge (located near 
the bottom of the well, at the given depth). The spreadsheet programme was developed for constant production rates, therefore, 
it was necessary to approximate the variable rates recorded during the DST, to be used as spreadsheet inputs. These 
approximations are shown in Fig. 10 and Table 4.  
Overall, the BHT recorded during the test is in good agreement with the calculated temperature. The calculated fluid 
temperature for shut-in periods that follow higher rate drawdowns is marginally lower than that measured by the gauge. This 
could be due to the assumption that the temperature rise of the cement sheath and tubing may be taken as a fraction of the rise 
in fluid temperature. In reality, the relationship is likely to be more complex, thus, it is possible that at higher temperatures this 
assumption is inducing slight errors.  
  
 
    
  
 
  
 
  
 
 
 
 
 
Table 3 - Inputs to the spreadsheet programme 
Previous Drawdown Data 
Volumetric Heat Rate (w/m3) 1250 
Riser Data 
Distance to Water Layer R1 (m) 0.04190 
Tubing Inner Radius  R2 (m) 0.04191 
Tubing Outer Radius  R3  (m) 0.10540 
Annulus Outer Radius R3  (m) 0.2508 
Riser Outer Radius  R3  (m) 0.2667 
Point of Prediction (m) <  R1 0.0410 
External Ambient Sea Temperature oC 3.6 
Heat Transfer Coefficient  340 
Gas Properties 
Thermal Conductivity (w/mK) 0.03 
Density (kg/m3) 200 
Specific Heat Capacity (J/kgK) 0.00309 
Water of Condensation Properties 
Thermal Conductivity (W/mK) 0.65 
Density (Kg/m3) 1000 
Specific Heat Capacity (J/KgK) 4181 
Production Tubing Properties 
Thermal Conductivity (W/mK) 48 
Density (Kg/m3) 7840 
Specific Heat Capacity (J/kgK) 500 
Annulus Fluid Properties 
Thermal Conductivity (W/mK) 0.23 
Density (Kg/m3) 1198 
Specific Heat Capacity (J/kgK) 4187 
Outer Riser Properties 
Thermal Conductivity (W/mK) 48 
Density (Kg/m3) 7840 
Specific Heat Capacity (J/kgK) 500 
Table 4– Spreadsheet inputs 
Test Duration (hr): 113 
Depth for Simulation (ftss) 10210 
Number of Flow Periods:  11 
  
 Gas Rate 
(MMscf/D) 
Duration 
(hr) 
1 25 8 
2 0 14 
3 10 4.5 
4 0 14.5 
5 20 4 
6 0 14 
7 30 7 
8 0 20 
9 70 5 
10 0 17 
11 76 4 
Fig. 9—Comparison between the gauge temperature and the analytic 
solution Eq. (5) 
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Fig. 10—Predicted fluid temperature (near the bottomof the well) plotted against gauge 
temperature data measured during the DST 
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In order to compute transient temperature profiles over the length of the well, the calculation of the overall heat transfer 
coefficient is required at each point. The value of this coefficient has a significant impact on the calculated fluid temperature, 
and its value will change with axial position in the well, based on the casing design. Fig. 11 shows the change in the overall 
heat transfer coefficient in a deepwater environment. For production through submerged sections, the thermal resistances 
offered by the tubing and casing will remain constant, and the overall heat transfer coefficient will be a function of heat 
transfer through the riser annulus. This coefficient will reach a maximum near the seabed, where heat transfer through the 
annulus is the greatest. The correlation used for heat transfer through an annulus (presented by Fishenden and Saunders 
(1952)) is based on experiments conducted in small tubes, and there is no theoretical basis for using 0.25ℎ𝑎, as suggested by 
Hasan and Kabir (2002) (for onshore production).To improve the accuracy of practical methods for computing transient 
temperature profiles, heat transfer experiments need to be conducted in tall columns mimicking wellbores. Until data becomes 
available for such experiments, we found that using 0.5ℎ𝑎 as the convective heat transfer coefficient (given by Eq. (29)) better 
matches field data through submerged sections.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For a particular flow period of the DST, transient temperature profiles were computed using a spreadsheet programme, and 
the results are shown in Fig. 12 (a). The temperature measurements made by a gauge located in the landing string carrier were 
compared with the calculated temperatures of the gas within the riser, at the same depth. The production rates recorded during 
the flow period are shown in Fig. 12 (b), along with the approximated rates used in the calculations. Fluid pressure is also 
calculated from the spreadsheet, but not included in the plot. For a number of different flow periods, comparisons were made 
between the computed temperature and the gauge temperature (see appendix I), and on average, the two are in good 
agreement. The spreadsheet calculations tended to marginally deviate from the gas temperature at the seabed towards the end 
of each flow period. 
Fig. 12—(a) Transient temperature profile for a flowing period (b) Comparsion between the gauge temperature and the 
computed temperature near the seabed 
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Fig. 11—Impact of casing and cement design on the overall heat transfer coefficient  
 
Practical Methods for Predicting Hydrate Formation during Gas Well Testing in Ultra-Deep Water 19 
 
 
Using the multiphase flow simulator, OLGA, a dynamic study was carried out to rigorously calculate the temperature of 
the gas arriving at the surface. Fig.13 (a) illustrates the temperature of the gas arriving at the surface and is a comparison of the 
results calculated by OLGA (see appendix J) and the spreadsheet. The computed temperatures are in good agreement with the 
corresponding OLGA values, and the mean absolute error of the calculations (over the given time period) is less than 10%. 
Fig. 13 (b) shows the constant production rates used as inputs to the spreadsheet, plotted against the corresponding variable 
rate from OLGA. Rigorous calculation of the flowing fluid temperature distribution requires the simultaneous solution of the 
continuity, momentum and conservation of energy equations. The partial differential equations governing the output from the 
spreadsheet model are obtained by decoupling the heat transfer equation and momentum equations. Therefore, the transient 
flows of mass, momentum and energy that occur when the wellbore system is perturbed by a change in flow rate are not 
completely captured. As a result, the calculated temperatures of the gas at the surface may differ marginally from the 
corresponding OLGA values.  
 
 
 
Gas Hydrate Formation. During the DST, following bullhead of methanol and glycol, the well was clear of gas hydrates 
before each flow period. On four occasions, gas hydrates formed while the well was flowing at significant rates. We use 
spreadsheet calculations to illustrate how this could happen for a particular flow period.   
Gas hydrates will form in the presence of appropriate quantities of gas and water molecules, typically at low temperatures 
and elevated pressures. For the purpose of this paper we will approximate gas hydrate formation conditions using a correlation 
presented by Hammerschmidt (1934). This correlation describes the maximum temperature at which formation will occur as a 
function of pressure:  
The signature for hydrate formation in the production system is a decrease in the production rate, increase in the bottomhole 
pressure, and fall in the wellhead pressure. The figures below show how gas hydrates formed while the well was flowing at 
close to 70 MMscf/D. Fig. 14 (a) shows an increase in the bottomhole pressure and a decrease in the production rate, while 
Fig. 14 (b) shows a decrease in the wellhead pressure.    
 
 
𝑇𝐻 = 8.9𝑃
0.285 …………...………….………….…………….…………….…………….……....……..…………………..(33) 
Fig. 13—(a) Temperature of the gas at the surface from OLGA and on a spreadsheet (b) Approximation of the variable rates from 
OLGA by a series of constant rates input to the spreadsheet  
 
Fig. 14—(a) Increase in the BHP /decrease in the production rate (b) Decrease in the WHP  
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During a flowing period, condensed water from the natural gas and mobile water from the reservoir will adhere to the 
tubing walls and create a thin water layer. Hydrate formation typically occurs at the gas-water interface as this is the location 
of the required high concentrations of host and guest molecules (Fig. 15). This interface lowers the Gibbs free energy of 
nucleation, a process during which small clusters of water and gas grow and disperse in an attempt to achieve critical size for 
continued growth (Sloan (2008)). As hydrate growth at the tubing wall continues, narrowing of the flow channel occurs. The 
growth forms irregularly, creating a nonconcentric annulus that increases the tubing pressure drop. The hydrate wall may 
continue to grow until it can no longer bear the stress imposed by the flowing gas, at which point hydrate will slough from the 
walls. As the sloughed particles travel downstream, they may bridge across the flow channel to form a plug.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
During a particular flow period of the DST, the methanol injection rate was reduced (see Fig. 16 (b)) while the flowing 
fluid temperature in a significant portion of the riser was within the hydrate formation region (see Fig. 16 (a)). Subsequently, 
gas hydrates began to form, and were detected shortly after.   
 
Discussion 
Flow assurance is merely one of the possible applications of the developed models. The analytic solutions presented for the 
temperature of the riser during a shut-in period (Eq. (4) and Eq. (7)) can predict the temperature distribution in any layer of the 
respective riser model. Therefore, these expressions could be used to optimise riser design, in terms of thermal performance. In 
addition, the analytic solution, Eq. (7), could be used to study the temperature of the condensate water layer during a shut-in 
period, and as a result, better anticipate hydrate formation. Furthermore, the models for computing transient temperature 
profiles over the length of the well could be used for applications such as converting WHP/WHT to BHP. 
This study recommendations the following further work on practical methods for predicting hydrate formation: 
1) Heat transfer experiments should be conducted in tall columns mimicking wellbores. This would provide a greater 
understanding of heat transfer in the annuli of offshore wells. As a result, the overall heat transfer coefficient, and 
subsequently transient temperature profiles, could be determined with greater accuracy. 
2) The analytic solution, (Eq. (7)), should be extended to take into account vertical mixing within the wellbore during a shut-in 
period. The spreadsheet computed temperatures were in good agreement with the gauge temperatures for a shut-in period (see 
appendix H). However, any slight differences can be explained by the fact that the analytic solution considers only radial heat 
transfer. There is no doubt that vertical mixing occurs within the wellbore during a shut-in period, but to what extent does this 
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Fig. 16—(a) Operating conditions within hydrate formation region (b) Production rates and approximated rates  
Fig. 15—Possible hydrate formation mechanism 
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effect the gas temperatures?  
Gas above the seabed cools faster than gas below the seabed. As the depth increases, the resultant increase in pressure 
makes the gas more dense, and this is stabilising. Conversely, the cooling of the gas above the seabed is destabilizing. Love et 
al. (2007) examined this theoretical mechanism for salt water in a well, where the instability is caused by a combination of 
thermal and concentration gradients. In our case, the instability comes from a combination of thermal and pressure gradients, 
both of which are governed by diffusive processes. Therefore, this type of circulation can technically be described as double-
diffusive convection.  
If we consider a warm gas parcel rising from below the seabed, the parcel will diffuse heat more rapidly than it does 
pressure, which will result in instability across the interface. As the parcel continues to rise, eventually it becomes heavier than 
the surrounding fluid, at which point it begins to descend. The parcel of gas will descend beyond its original position, warming 
as it sinks. The parcel eventually becomes less dense than the surrounding fluid, at which point it begins to rise again, and an 
oscillatory motion has developed. It is possible that multiple convection cells develop within the tubing, with a stair-step 
change in temperature with depth. Typically, for a system that is heated from below and cooled from above, the convection 
maintains an approximately constant temperature profile with depth, apart from narrow boundary layers at the top and bottom. 
The temperature is close to the average of the top and bottom values. If multiple convection cells establish within the riser, the 
temperature at the seabed would be greater than that calculated from the analytical solution. This behaviour is indeed observed 
for shut-in periods that have a higher initial temperature (see appendix H). Extension of the analytic solution (Eq. (7)), to 
consider vertical mixing with the wellbore, would first require a mathematical definition of the problem.       
Conclusions  
1) An analytic solution for the temperature in any layer of the riser, during a shut-in period, is developed. A visual basic 
code is written for this solution, allowing shut-in temperature profiles to be quickly computed on a spreadsheet. The 
accuracy of this solution is verified against transient data from a gas well.  
2) A model for the fluid temperature during a flowing period is developed, and a numerical integration method is 
utilised to improve the accuracy of existing heat transfer calculations. Using this model, a spreadsheet programme is  
engineered to output transient temperature profiles over the length of the well. The accuracy of this model is then 
verified against field data and calculations from the dynamic simulator, OLGA.  
3) The spreadsheet programme successfully demonstrates how gas hydrates formed while the well was flowing at 
significant flow rates. This demonstrates the potential of the methods developed in this study as effective tools for 
predicting gas hydrate formation during future operations. 
 
Nomenclature 
𝑐𝑝 = fluid heat capacity, Btu/lbm-
°F 
𝐶𝑇 = thermal storage parameter, dimensionless  
𝐶𝐽 = Joule-Thompson coefficient, 
°F/psi 
𝑑𝑡𝑜, 𝑑𝑐𝑖 = tubing outer diameter or casing inner diameter, ft 
𝐸, 𝐸′ = internal energy of the wellbore fluid or wellbore system, Btu/lbm 
𝑔, = gravitational acceleration factor, ft/sec2 
𝑔𝐺  = geothermal gradient, 
°F/ft 
𝑔0 = volumetric heat rate, Btu/h-ft
3 or W/m3  
ℎ𝑎, ℎ𝑡, ℎ𝑐𝑜 = convective heat transfer coefficient for annular fluid, tubing fluid or outer riser surface, Btu/hr-ft
2-°F or W/m2-K 
ℎ𝑟 = radiative heat transfer coefficient, Btu/hr-ft
2-°F 
𝐻 = fluid enthalpy, Btu/lbm 
𝐽, 𝑔𝑐 , 𝛼1, 𝛽1, 𝛽2 = conversion factors (𝐽 = 788 Btu/lbf and 𝑔𝑐 = 32.17 lbm-ft/lbf-sec
2) or constants  
𝑘𝑖 , 𝑘𝑒 , 𝑘𝑎  = thermal conductivity of layer 𝑖, formation thermal conductivity or annulus fluid , Btu/hr-ft-
°F or w/m-K 
𝑘𝑤, 𝑘𝑡, 𝑘𝑐𝑎, 𝑘𝑐𝑒= thermal conductivity of condensate water layer, tubing, casing or cement, Btu/hr-ft
2-°F 
𝐿𝑅 = relaxation parameter, 1/ft 
𝑚,𝑚′ = mass of fluid or wellbore system per unit length, lbm/ft 
𝑝 = fluid pressure, psia  
𝑄 = heat transfer rate per unit length of wellbore, Btu/hr-ft 
𝑟𝑖 , 𝑟𝑤𝑖 , 𝑟𝑡𝑖 , 𝑟𝑡𝑜 , 𝑟𝑐𝑖 , 𝑟𝑐𝑜 = radius of layer 𝑖, condensate water layer, tubing inner surface, tubing outer surface, casing inner surface or 
casing outer surface, ft  
t = time, hours  
𝑇𝑡𝑜 , 𝑇𝑐𝑖 = temperature of tubing outer surface or inner casing diameter, 
°C or °F 
𝑇, 𝑇𝑓 , 𝑇𝐹𝑛, 𝑇𝑠𝑒𝑎 = gas temperature (𝑇𝑓 or 𝑇), formation temperature or ocean temperature, 
°C or °F 
𝑡𝐷, 𝑟𝐷, 𝑇𝐷 = dimensionless time, dimensionless wellbore radius or dimensionless formation temperature distribution 
𝑈𝑡𝑜 = overall heat transfer coefficient below the seabed, Btu/hr-ft
2-°F 
𝑣, 𝑣𝑠, 𝑣𝑜𝑑  = fluid velocity, surface current velocity or maximum deep water current velocity, ft/sec  
𝑤 = mass flow rate, lbm/hr 
z = vertical well depth, ft  
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𝜆𝑖 = thermal diffusivity of layer 𝑖, m
2/s or ft2/hr 
𝜃 = well inclination from horizontal, degrees  
𝜌 = density, lbm/ft3 or kg/m3 
𝜇, 𝜇𝑎= viscosity or annulus fluid viscosity, cp 
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Appendix A –Critical Literature Review/Milestones  
SPE Paper  Year Title Authors Contribution 
      Book  1952 
“An Introduction to Heat 
Transfer” 
M. Fishenden and 
O.A. Saunders 
Fishenden and Saunders provide empirical relationships that 
can be used to determine the individual components of the 
overall heat transfer coefficient. In particular, correlations 
provided are used to determine heat transfer across the 
annulus, and external heat transfer due to forced convection. 
        767 1957 
“A Method of Calculating the 
Distribution of Temperature in 
Flowing Gas Wells” 
L.B. Lesem, F. 
Greytok, F. 
Marotta, J. McKetta 
Lesem et al. derived a set of simultaneous linear partial 
differential equations describing the distribution of 
temperature in a flowing gas well, which they solved using 
the Laplace transform. They neglected wellbore thermal 
resistance and, among other simplifications, they assumed 
the mass flow rate of the gas stream and the product of 
density and heat capacity to be constant. 
        Book 1959 “Conduction of Heat in Solids” 
H.S. Carslaw, J.C. 
Jaeger 
As well as the general theory of conduction of heat, Carslaw 
and Jaeger present solutions for radial heat conduction from 
an infinitely long cylinder.  
       96 1961 “Wellbore Heat Transmission” H.J. Ramey, JR. 
Ramey presents an approximate solution to the wellbore 
heat-transmission problem (specifically the injection of hot 
or cold fluids) that permits estimation of the temperature of 
fluids, tubing and casing as a function of depth and time. 
Ramey also presents a procedure to estimate the overall heat 
transfer coefficient, comprising of both transient heat 
resistances in the formation and near wellbore heat 
resistances. 
     1071  1965 
“Heat Losses During Flow of 
Steam Down a Wellbore” 
A.Satter 
Satter made improvements to Ramey’s model by 
considering phase changes that occur within steam injection 
operations.  
     1449 1967 
“Overall Heat Transfer 
Coefficients in Steam and Hot 
Water Injection Wells” 
G. P. Willhite 
Whillhite gives a detailed discussion of the overall heat 
transfer coefficient in steam and hot water injection wells 
J. Energy 
Resources  
Tech (1-11) 
1980 
“Predicting Temperature in 
Flowing Oil Wells” 
K.C. Shiu and H.D. 
Beggs 
Shiu and Beggs simplify Ramey’s equation by developing 
an empirical method for predicting temperature profiles in 
flowing oil wells. Their method was designed to be used 
when insufficient information is available to evaluate the 
thermal resistances of the well and the formation’s thermal 
diffusivity. 
     16904 1989 
“Simulation of Downhole 
Heater Phenomena in the 
Production of Wellbore 
Fluids” 
Y. Sharma, O. 
Shoham, J.P. Brill 
Sharma et al extended Ramey’s model to the case of a 
wellbore with a heater by treating the heater as a source 
term in the heat balance equation 
     17497 1990 
“An Analytic Solution for 
Wellbore Heat Transmission in 
Layered Formations” 
Yu-Shu Wu, K. 
Pruess 
Wu and Pruess presented an analytical solution for wellbore 
heat transmission that adopts assumptions similar to those 
of Lesem et al (1957). The main differences are that they 
introduced an overall heat transfer coefficient to consider 
the wellbore heat resistance, and modelled the surrounding 
earth as consisting of an arbitrary number of layers with 
different thermal and physical properties. From the 
application of their solution they deduced that Ramey’s 
method will introduce large errors at early times in 
calculation of wellbore temperature. 
   
   
     19702 
 
 
1991 
“Predicting Temperature 
Profiles in a Flowing Well.” 
R.K. Sagar, D.R. 
Dotty and Z. 
Schmidt 
Sagar et al presented a more practical method for predicting 
temperature profiles in two-phase flowing wells. The Joule-
Thomson and kinetic-energy contributions to the fluid 
temperature were replaced with a correlation generated from 
an extensive data base (380 wells). 
     22866 1991 
“Heat Transfer During Two-
Phase Flow in Wellbores: Part 
1 – Formation Temperature” 
A.R. Hasan, C.S. 
Kabir 
Hasan and Kabir presented an approximate algebraic 
expression for the rigorous integral solution of the 
dimensionless formation temperature, that is accurate for 
most engineering calculations. 
     20632 1992 
“A Unified Model for 
Predicting Flowing 
Temperature Distribution in 
Wellbores and Pipelines” 
I.N.Alves, F.J.S 
Alhanatl and 
Ovadia Shoham 
Alves et al (1992) developed a unified model, applicable to 
production or injection wells, over the entire inclination 
angle range, from horizontal to vertical. The model could be 
reduced to either the Coulter and Bardon method or the 
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Ramey method, with the respective original assumptions 
and simplifications. Alves et al claimed that Ramey’s 
model, and those derived from it, include severe 
assumptions related to the thermodynamic behaviour of the 
flowing fluid, and so are only applicable for limited 
operation conditions. 
    Book 1993 
“Heat Conduction (Second 
Edition)” 
M.N. Özişik 
Özişik wrote arguably the leading text/reference in 
conduction heat transfer. Emphasis is placed on the 
understanding and use of various mathematical techniques 
needed to develop exact, approximate, and numerical 
solutions for a broad class of heat conduction problems. 
    Book 2002 
“Fluid Flow and Heat Transfer 
in Wellbores” 
A.R. Hasan, C.S. 
Kabir 
In this book, Hasan and Kabir considered both steady and 
unsteady state transport problems. The working equations 
and details of the derivations are provided.  
   87305 2004  
Ramey's Wellbore Heat 
Transmission Revisited 
J. Hagoort  
Hagoort revisited Ramey’s classic work, and comparison of 
his solution with a rigorous solution showed that the Ramey 
solution is an excellent approximation except for an early 
transient period, at which the Ramey solution significantly 
overestimates the temperatures.   
   84288 2005 
“Analytic Wellbore 
Temperature Model for 
Transient Gas-Well Testing” 
A.R. Hasan, C.S. 
Kabir, D.Lin. 
Hasan et al decoupled the heat transfer equation and 
momentum equations by neglecting afterflow in the 
wellbore. They then presented analytic expressions, derived 
from first principles, for computing time-dependent fluid 
temperature at any point in the wellbore during both 
drawdown and build up testing.   
  102070 2007 
“Transient fluid and heat flow 
modelling in coupled 
wellbore/reservoir systems” 
B. Izgec, A.R. 
Hasan, C.S. Kabir, 
D. Zhu 
Izegc et al presented a transient wellbore simulator, coupled 
with a semi analytic temperature model, for computing 
wellbore-fluid temperature profiles in flowing and shut-in 
wells.  
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1993: Heat Conduction (Second Edition)  
Author: M.Necati Özişik  
Contribution to the understanding of the transient temperature profile: Özişik provides an orthogonal expansion 
technique for solving transient heat conduction problems in M-layer composite cylinders, as well as a procedure for removing 
nonhomogeneity associated with boundary conditions. These methods are directly applicable for solving the multi-layer riser 
models developed in this paper.  
Text Objective: Intended as a graduate-level textbook for use in engineering schools, and a reference book for practicing 
engineers. Emphasis is placed on the understanding and use of various mathematical techniques needed to develop exact, 
approximate, and numerical solutions for a broad class of heat conduction problems.  
Comments: The mathematical methods provided by this text allowed analytical solutions to be obtained for the temperature in 
any layer of the riser, as a function of both shut-in time and radial distance from the centre of the well.  
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24th August 1961: SPE 96 Wellbore Heat Transmission 
Author: H.J. Ramey, JR.  
Contribution to the understanding of the transient temperature profile: Ramey presents an approximate solution to the 
wellbore heat-transmission problem (specifically the injection of hot or cold fluids) that permits estimation of the temperature 
of fluids, tubing and casing as a function of depth and time. Ramey also presents a procedure to estimate the overall heat-
transfer coefficient, comprising of both transient heat resistances in the formation and near wellbore heat resistances. 
Paper Objective: Investigate wellbore heat transmission to provide engineering methods useful in both production and 
injection operations.  
Methodology Used: The analytical solution Ramey provides for wellbore temperature is based on a simplified heat balance. 
Ramey assumes steady-state flow of an incompressible single-phase fluid without the kinetic energy term. Under these 
assumptions, the loss in potential energy becomes approximately equal to the increase in enthalpy. Ramey assumes that the 
physical and thermal properties of the earth and wellbore fluids do not vary with temperature, that heat transfer to the earth is 
by unsteady radial conduction, and that heat transmission in the wellbore is rapid compared to heat flow in the formation 
(hence can be represented by steady-state solutions). The resistances to heat flow in the wellbore are incorporated into an 
overall heat-transfer coefficient. 
Conclusions Reached: The solution may be applied to large variety of wellbore heat problems, involving different types of 
well completions and operating methods. Solutions to more complex wellbore heat-transmission problems may be 
approximated in a similar fashion with the same methods and principles.      
Comments: Ramey’s analytical equation for wellbore temperatures is based on a grossly simplified heat balance. His 
approach seems to work well in practise, but generates large errors at early times. However, Ramey’s approach provides the 
basic techniques that are useful in all wellbore heat-transmission problems. 
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20th Jan 1967: SPE 22866 (Over all Heat Transfer Coefficients in Steam and Hot Water Injection Wells) 
Authors: P. Whillhite  
Contribution to the understanding of the transient temperature profile: Whillhite provides a detailed discussion of the 
overall heat transfer coefficient (in steam and hot water injection wells). In particular, a simplified calculation procedure is 
outlined for determining the over all heat transfer coefficient.  
Paper Objective: This paper aims to discuss methods for determining the over-all heat transfer coefficient  
Methodology Used: The overall heat transfer coefficient for a wellbore is developed from its component terms to give a better 
understanding of the concept. Specific methods from the heat transfer literature for estimating the size of each component are 
chosen.   
Conclusions Reached: Whillhite concludes that the overall heat transfer coefficient can be estimated from the process 
variables. A comparison of predicted and field casing temperatures confirms the basic formulation and applicability of the 
suggested procedures for engineering calculations.  
Comments: Whillhite considers heat transfer in an onshore environment. However, his suggested procedure for determining 
the overall heat transfer coefficient will extend to an offshore environment.  
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8th October 1991: SPE 22866 (Heat Transfer during Two-Phase Flow in Wellbores: Part I – Formation Temperature) 
Authors: A.R. Hasan, C.S. Kabir 
Contribution to the understanding of the transient temperature profile: Hasan and Kabir present an approximate 
algebraic expression for the rigorous integral solution of the dimensionless formation temperature, tD, which is accurate for 
most engineering calculations.  
Paper Objective: Model formation temperature distribution around a well  
Methodology Used: Heat diffusion in the three dimensional formation is simplified to one-dimensional heat diffusion by 
assuming symmetry around the heat source, and considering a small increment in the vertical direction of the well. Vertical 
heat diffusion can be ignored because of the small vertical temperature gradient. This approach induces very little error and 
allows an analytical solution to be obtained.  
Conclusions Reached: A rigorous heat transfer model is presented to predict transient temperature behaviour in the formation 
at all times. A simplified algebraic expression is obtained for the complex integral solution. This expression is recommended 
over the use of Ramey’s f(t) function for transient heat analyses for all times.  
Comments: The f(t) function in Ramey’s solution is analogous to the tD function proposed in this paper.  The results are in 
agreement with the classical work of Ramey for large times (dimensionless time tD > 10). However, significant differences are 
noted between the proposed solution and that of Ramey’s log-linear approximation at small times (tD < 10). Equality between 
f(t) and tD not surprising as both functions attempt to describe temperature distribution based on the same differential equation. 
However, Ramey’s solution was obtained with a boundary condition that assumed a vanishingly small well radius. While this 
does not affect the solution at large times, it leads to different solutions at small times.  
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5th October 2005: SPE 84288 (Analytic Wellbore Temperature Model for Transient Gas-Well Testing) 
Authors: A.R. Hasan, C.S. Kabir, D.Lin.  
Contribution to the understanding of the transient temperature profile: Paper presents analytic expressions, derived from 
first principles, for computing time-dependent fluid temperature at any point in the wellbore during both drawdown and build 
up testing.   
Paper Objective: Present a framework for rigorous computation of BHP from WHP. This is done by developing analytic 
expressions for depth and time dependent fluid temperature during both flow and shut-in tests. In turn these temperature 
relations will allow computation of gas density, and subsequently the pressure at any point in the wellbore.   
Methodology Used:  Expressions for the wellbore-fluid temperature are developed by conserving energy while conserving 
momentum iteratively. For mass conservation steady-state assumption is used.  
Conclusions Reached: Analytic temperature model for flow and shut-in tests allows reliable estimation of wellbore 
temperatures from known flow rate and wellbore parameters. Computation in high-transmissivity gas reservoir may not yield 
BHP data worthy of transient analysis. Experimental design analysis suggests that kh is the most important consideration while 
translating pressure and temperature measurements in the context of transient testing.  
Comments: The restrictive assumptions made into order to obtain an analytic solution can be relaxed by integrating 
numerically.  
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Appendix B –Derivation of Analytic Solution for Riser Temperature during Shut-in    
The formulation of the time dependent heat transfer problem in terms of temperature  T𝑖(𝑟, 𝑡), in cylindrical coordinates, with 
thermal diffusivity 𝜆𝑖  corresponding to layer 𝑖 (𝑖 = 1,2,3) is given by: 
 
𝜆𝑖
𝑟
𝜕
𝜕𝑟
 (𝑟
𝜕𝑇𝑖
𝜕𝑟
) =  
𝜕𝑇𝑖 
𝜕𝑡
 for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] ….………………………………………………………………………………..(B1) 
 
Subject to the boundary conditions for 𝑡 > 0: 
1) 𝑇1(0, 𝑡) <  ∞ (symmetry of the temperature profile at 𝑟 = 0)   
2) 𝑇1(𝑟1, 𝑡) = 𝑇2(𝑟1, 𝑡) and  𝑇2(𝑟2, 𝑡) = 𝑇3(𝑟2, 𝑡) (continuity of temperature at layer contacts)  
3) 𝑘1
𝜕𝑇1
𝜕𝑟
|
𝑟1
= 𝑘2
𝜕𝑇2
𝜕𝑟
|
𝑟1
 and 𝑘2
𝜕𝑇2
𝜕𝑟
|
𝑟2
= 𝑘3
𝜕𝑇3
𝜕𝑟
|
𝑟2
  (continuity of heat flux at layer contacts)   
4) 𝑘3
𝜕𝑇3
𝜕𝑟
|
𝑟3
+ ℎ𝑐𝑜𝑇3(𝑟3) = ℎ𝑐𝑜𝑇𝑠𝑒𝑎   (convective outer boundary condition) 
 
Where 𝑘𝑖  is the thermal conductivity corresponding to layer 𝑖, and ℎ𝑐𝑜 is the coefficient of convective heat transfer. Methods 
of calculating this coefficient are given in appendix D. Each layer will initially be at a specified temperature i.e. 
𝑇𝑖(𝑟, 0) = 𝑓𝑖(𝑟)  for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] and 𝑖 = 1,2,3. This initial temperature distribution is determined by the energy input from 
gas flowing through the riser during the preceding flow period. In order to determine the functions 𝑓𝑖(𝑟) we assume that during 
the preceding drawdown period steady-state flow is reached and we define the function 𝐹𝑖(𝑟) ∶= 𝑓𝑖(𝑟) − 𝑇𝑠𝑒𝑎 . We denote the 
volumetric heat rate during drawdown as 𝑔0 and so the functions 𝐹𝑖(𝑟) are the solutions to the steady-state problem: 
1
𝑟
𝑑
𝑑𝑟
 (𝑟
𝑑𝐹1
𝑑𝑟
) + 
 𝑔0
𝑘1
= 0 for 𝑟 𝜖 [0, 𝑟1 ] ….………………………………………………………………………………..(B2) 
 
𝑑
𝑑𝑟
 (𝑟
𝑑𝐹𝑖
𝑑𝑟
) = 0 for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] and 𝑖 = 2,3 ….………………………………...………………………………………..(B3) 
 
Subject to the boundary conditions for 𝑡 > 0: 
1) 𝐹1(0, 𝑡) <  ∞  
2) 𝐹1(𝑟1) = 𝐹2(𝑟1) and  𝐹2(𝑟2) = 𝐹3(𝑟2)  
3) 𝑘1
𝜕𝐹1
𝜕𝑟
|
𝑟1
= 𝑘2
𝜕𝐹2
𝜕𝑟
|
𝑟1
 and 𝑘2
𝜕𝐹2
𝜕𝑟
|
𝑟2
= 𝑘3
𝜕𝐹3
𝜕𝑟
|
𝑟2
    
4) 𝑘3
𝜕𝐹3
𝜕𝑟
|
𝑟3
+ ℎ𝑐𝑜𝐹3(𝑟3) = ℎ𝑐𝑜𝑇𝑠𝑒𝑎      
Solving the system of equations (B2) – (B3), and applying the boundary conditions (above), we obtain the temperature 
distribution of the system after the preceding drawdown:   
 𝑓1(𝑟) = 𝑇𝑠𝑒𝑎 +
 𝑔0𝑟1
2
2
 [
1
𝑘2
ln (
𝑟2
𝑟1
 ) +  
1
𝑘3
ln (
𝑟3
𝑟2
 ) + 
1
ℎ𝑐𝑜𝑟3
+ 
1
2𝑘1
(1 −
𝑟2
𝑟12
 )]  for 𝑟 𝜖 [0, 𝑟1 ] ………..………………...(B4) 
With the initial temperature distribution (B4) – (B6) we can solve the problem posed by equation (B1) and the corresponding 
boundary conditions. We employ an orthogonal expansion technique presented by (Özişik, 1993) for solving the problem of 
heat conduction in a composite medium consisting of  𝑚 layers of cylinder in contact. The partial differential equation (B1), is 
subject to a non-homogenous boundary condition at the outer surface which must be homogenised first.  
Theoretically, the temperature of the riser will eventually be equal to the temperature of the surrounding sea when steady-
state is reached. Therefore, the temperature of each layer  T𝑖(𝑟, 𝑡) can be expressed in the form T𝑖(𝑟, 𝑡) = ɸ𝑖(𝑟, 𝑡) +  𝑇𝑠𝑒𝑎 for 
𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] 𝑖 = 1, 2,3. Where the functions ɸ𝑖(𝑟, 𝑡) are the solutions to the time dependent problem: 
𝜆𝑖
𝑟
𝜕
𝜕𝑟
 (𝑟
𝜕ɸ𝑖
𝜕𝑟
) =  
𝜕ɸ𝑖
𝜕𝑡
  for  𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] and 𝑖 = 1, 2,3 ………………………………………………………………….(B7) 
Subject to the continuity of heat flux and temperature at the layer contacts, symmetry of the temperature profile at 𝑟 = 0, and 
the homogenous boundary condition at the outer surface for 𝑡 > 0:   
𝑘3
𝜕ɸ
𝜕𝑟
|
𝑟3
+ ℎ𝑐𝑜ɸ3(𝑟3) = 0  ……….…………………….………………………………………………………………….(B8) 
With initial temperature distribution at layer 𝑖 : ɸ𝑖(𝑟, 0) =𝑓𝑖(𝑟) − 𝑇𝑠𝑒𝑎 =∶  𝐹𝑖(𝑟) for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ]. To solve for ɸ𝑖(𝑟, 𝑡) and 
therefore T𝑖(𝑟, 𝑡) the variables are separated in the form ɸ𝑖(𝑟, 𝑡) = 𝜓𝑖(𝑟)𝛤(𝑡). Substituting into Eq. (B7) gives: 
𝜆𝑖
𝑟
1
𝜓𝑖(𝑟)
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𝑑𝑟
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1
𝛤(𝑡)
𝑑𝛤(𝑡)
𝑑𝑟
 ≡  −𝛽𝑛
2  ………………...………………………………………………………….(B9) 
Where 𝛽𝑛 is the separation constant. The separation given by the above equation results in ordinary differential equations for 
the determination of 𝜓𝑖(𝛽𝑛, 𝑟) and  𝛤(𝑡). The general solution for the function  𝜓𝑖(𝛽𝑛 , 𝑟) is obtained by noting the Bessel 
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  𝑓3(𝑟) = 𝑇𝑠𝑒𝑎 +
 𝑔0𝑟1
2
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 [
1
𝑘3
ln (
𝑟3
𝑟
 ) +
1
ℎ𝑐𝑜𝑟3
  ] for  𝑟 𝜖 [𝑟2, 𝑟3 ]  ………...…………………..…………..…………………...(B6) 
Practical Methods for Predicting Hydrate Formation during Gas Well Testing in Ultra-Deep Water 31 
 
 
 
 
 
 
 
 
 
 
 
 𝐽𝑜 (
𝛽𝑛
 𝜆1
𝑟1) − 𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟1) −𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 0 0
𝑘1
𝑘2
 
𝜆2
𝜆1
𝐽1 (
𝛽𝑛
 𝜆1
𝑟1) − 𝐽1 (
𝛽𝑛
 𝜆2
𝑟1) −𝑌1 (
𝛽𝑛
 𝜆2
𝑟1) 0 0
0 𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟2) 𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟2) −𝐽𝑜 (
𝛽𝑛
 𝜆3
𝑟2) −𝑌𝑜 (
𝛽𝑛
 𝜆3
𝑟2) 
0
𝑘2
𝑘3
 
𝜆3
𝜆2
𝐽1 (
𝛽𝑛
 𝜆2
𝑟2)   
𝑘2
𝑘3
 
𝜆3
𝜆2
𝑌1 (
𝛽𝑛
 𝜆2
𝑟2) −𝐽1 (
𝛽𝑛
 𝜆3
𝑟2) −𝑌1 (
𝛽𝑛
 𝜆3
𝑟2) 
0 0 0 (
ℎ
𝑘3
 𝜆3
𝛽𝑛
𝐽0 (
𝛽𝑛
 𝜆3
𝑟3) − 𝐽1 (
𝛽𝑛
 𝜆3
𝑟3))(
ℎ
𝑘3
 𝜆3
𝛽𝑛
𝑌0 (
𝛽𝑛
 𝜆3
𝑟3) − 𝑌1 (
𝛽𝑛
 𝜆3
𝑟3) ) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
𝐷2𝑛
𝐸2𝑛
𝐷3𝑛
𝐸3𝑛  
 
 
 
 
 
 
 
 
 
 
 = 𝟎 
 
 
 
 
𝐽𝑜 (
𝛽𝑛
 𝜆1
𝑟1) − 𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟1) −𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 0 0
𝑘1
𝑘2
 
𝜆2
𝜆1
𝐽1 (
𝛽𝑛
 𝜆1
𝑟1) − 𝐽1 (
𝛽𝑛
 𝜆2
𝑟1) −𝑌1 (
𝛽𝑛
 𝜆2
𝑟1) 0 0
0 𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟2) 𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟2) − 𝐽𝑜 (
𝛽𝑛
 𝜆3
𝑟2) − 𝑌𝑜 (
𝛽𝑛
 𝜆3
𝑟2) 
0
𝑘2
𝑘3
 
𝜆3
𝜆2
𝐽1 (
𝛽𝑛
 𝜆2
𝑟2)   
𝑘2
𝑘3
 
𝜆3
𝜆2
𝑌1 (
𝛽𝑛
 𝜆2
𝑟2) − 𝐽1 (
𝛽𝑛
 𝜆3
𝑟2) −𝑌1 (
𝛽𝑛
 𝜆3
𝑟2) 
0 0 0 (
ℎ
𝑘3
 𝜆3
𝛽𝑛
𝐽0 (
𝛽𝑛
 𝜆3
𝑟3) − 𝐽1 (
𝛽𝑛
 𝜆3
𝑟3))(
ℎ
𝑘3
 𝜆3
𝛽𝑛
𝑌0 (
𝛽𝑛
 𝜆3
𝑟3) − 𝑌1 (
𝛽𝑛
 𝜆3
𝑟3) )
 
 
 
 
= 0 
equation in Eq. (B9): 
𝜓𝑖𝑛 ≡ 𝜓𝑖(𝛽𝑛 , 𝑟) = 𝐷𝑖𝑛 𝐽𝑜 (
 𝛽𝑛
 𝜆𝑖
𝑟) + 𝐸𝑖𝑛 𝑌𝑜 (
 𝛽𝑛
 𝜆𝑖
𝑟) ……………..……………………………………………………......(B10) 
Where 𝐽𝑜 is a Bessel function of the first kind of order zero, and 𝑌𝑜 a Bessel function of the second kind of order zero. As 
ɸ𝑖(𝑟, 𝑡) = 𝜓𝑖(𝑟)𝛤(𝑡) then 𝜓𝑖(𝑟) is subject to the boundary conditions for 𝑡 > 0: 
i) 𝜓1(0, 𝑡) <  ∞   
ii) 𝜓1(𝑟1) = 𝜓2(𝑟1) and  𝜓2(𝑟2) = 𝜓3(𝑟2)   
iii) 𝑘1
𝜕𝜓1
𝜕𝑟
|
𝑟1
= 𝑘2
𝜕𝜓2
𝜕𝑟
|
𝑟1
 and 𝑘2
𝜕𝜓2
𝜕𝑟
|
𝑟2
= 𝑘3
𝜕𝜓3
𝜕𝑟
|
𝑟2
  
iv) 𝑘3
𝜕𝜓3
𝜕𝑟
|
𝑟3
+ ℎ𝑐𝑜𝜓3(𝑟3) = 0   
 
We apply the above boundary conditions (i)-(iv) to Eq. (B10) write the resultant simultaneous equations as a matrix equation:  
 
 
 
 
 
 
 
 
 
 
 
The values 𝛽𝑛are determined from the requirement that in the matrix equation Eq. (B11), the determinant of the coefficients 
should vanish. The values 𝛽𝑛 are then the roots of the transcendental equation:  
 
 
 
  
 
 
 
The coefficients 𝐷2𝑛 , 𝐷3𝑛 , 𝐸2𝑛 and 𝐸3𝑛 can be determined from the matrix equation Eq. (B11), by choosing the first and second 
rows we obtain:  
(
 
 
𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 
𝐽1 (
𝛽𝑛
 𝜆2
𝑟1) 𝑌1 (
𝛽𝑛
 𝜆2
𝑟1) 
)
 
 
(
 
 
𝐷2𝑛
𝐸2𝑛)
 
 
=
(
 
 
 
𝐽𝑜 (
𝛽𝑛
 𝜆1
𝑟1)
𝑘1
𝑘2
 
𝜆2
𝜆1
𝐽1 (
𝛽𝑛
 𝜆1
𝑟1)
)
 
 
 
 …………………………………………………………..(B13) 
The determinant of the 2x2 matrix in Eq. (B13) is given by: 
𝛥1 =  
 
𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 
𝐽1 (
𝛽𝑛
 𝜆2
𝑟1) 𝑌1 (
𝛽𝑛
 𝜆2
𝑟1) 
 
 
=  𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟1)𝑌1 (
𝛽𝑛
 𝜆2
𝑟1) −  𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 𝐽1 (
𝛽𝑛
 𝜆2
𝑟1)   ………….……………………..(B14) 
Applying the Wronskian relation, (𝑊(𝐽𝑣(𝑧) , 𝑌𝑣(𝑧) ) =  𝐽𝑣+1(𝑧) 𝑌𝑣(𝑧) − 𝑌𝑣+1(𝑧) 𝐽𝑣(𝑧) =  2/𝜋𝑧), to Eq. (B14) we obtain the 
derminant as: 
𝛥1 = − 
2
𝜋
 𝜆2
𝛽𝑛𝑟1
 
Similarly choosing the third and fourth rows of the square matrix:  
(B12) 
 
(B11) 
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(
 
 
𝐽𝑜 (
𝛽𝑛
 𝜆3
𝑟2) 𝑌𝑜 (
𝛽𝑛
 𝜆3
𝑟2) 
𝐽1 (
𝛽𝑛
 𝜆3
𝑟2) 𝑌1 (
𝛽𝑛
 𝜆3
𝑟2) 
)
 
 
(
 
 
𝐷3𝑛
𝐸3𝑛)
 
 
=
(
 
 
 
(𝐷2𝑛𝐽𝑜 (
  𝛽𝑛
 𝜆2
𝑟2) + 𝐸2𝑛𝑌𝑜 (
  𝛽𝑛
 𝜆2
𝑟2) )
𝑘2
𝑘3
 
𝜆3
𝜆2
(𝐷2𝑛 𝐽1 (
  𝛽𝑛
 𝜆2
𝑟2) + 𝐸2𝑛 𝑌1 (
 𝛽𝑛
 𝜆2
𝑟2) )
)
 
 
 
 …………………………………..(B15) 
The determinant of the 2x2 matrix in Eq. (B15) is given by: 
𝛥1 =  
 
𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 
𝐽1 (
𝛽𝑛
 𝜆2
𝑟1) 𝑌1 (
𝛽𝑛
 𝜆2
𝑟1) 
 
 
=  𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟1)𝑌1 (
𝛽𝑛
 𝜆2
𝑟1) −  𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟1) 𝐽1 (
𝛽𝑛
 𝜆2
𝑟1)   ………….……………………..(B16) 
Applying the Wronskian relation again, Eq. (B16) becomes: 
𝛥2 = − 
2
𝜋
 𝜆3
𝛽𝑛𝑟2
 
With the determinants 𝛥1 and 𝛥2 , we can solve Eq. (B15) and Eq. (B13) for the coefficients 𝐷2𝑛 , 𝐷3𝑛 , 𝐸2𝑛 and 𝐸3𝑛 (we have set 
𝐷1𝑛 = 1 for convenience): 
𝐷2𝑛 = 
𝜋
2
𝛽𝑛𝑟1
 𝜆2
 [𝑌1 (
𝛽𝑛
 𝜆2
𝑟1) 𝐽𝑜 (
𝛽𝑛
 𝜆1
𝑟1) − 
𝑘1
𝑘2
 
𝜆2
𝜆1
𝐽1 (
𝛽𝑛
 𝜆1
𝑟1)𝑌𝑜 (
𝛽𝑛
 𝜆2
𝑟1)    ]        
𝐷3𝑛 = 
𝜋
2
𝛽𝑛𝑟2
 𝜆3
 [ 𝑌1 (
𝛽𝑛
 𝜆3
𝑟2) [𝐷2𝑛𝐽𝑜 (
  𝛽𝑛
 𝜆2
𝑟2) + 𝐸2𝑛𝑌𝑜 (
  𝛽𝑛
 𝜆2
𝑟2) ] − 𝑌𝑜 (
𝛽𝑛
 𝜆3
𝑟2) 
𝑘2
𝑘3
 
𝜆3
𝜆2
(𝐷2𝑛 𝐽1 (
  𝛽𝑛
 𝜆2
𝑟2) + 𝐸2𝑛 𝑌1 (
 𝛽𝑛
 𝜆2
𝑟2) )  ]  
𝐸1𝑛 = 0  
𝐸2𝑛 = 
𝜋
2
𝛽𝑛𝑟1
 𝜆2
 [ 𝐽𝑜 (
𝛽𝑛
 𝜆2
𝑟1)
𝑘1
𝑘2
 
𝜆2
𝜆1
𝐽1 (
𝛽𝑛
 𝜆1
𝑟1) − 𝐽1 (
𝛽𝑛
 𝜆2
𝑟1) 𝐽𝑜 (
𝛽𝑛
 𝜆1
𝑟1)  ]        
𝐸3𝑛 = 
𝜋
2
𝛽𝑛𝑟2
 𝜆3
 [𝐽𝑜 (
𝛽𝑛
 𝜆3
𝑟2)
𝑘2
𝑘3
 
𝜆3
𝜆2
(𝐷2𝑛 𝐽1 (
  𝛽𝑛
 𝜆2
𝑟2) + 𝐸2𝑛 𝑌1 (
 𝛽𝑛
 𝜆2
𝑟2) ) − 𝐽1 (
𝛽𝑛
 𝜆3
𝑟2) (𝐷2𝑛𝐽𝑜 (
  𝛽𝑛
 𝜆2
𝑟2) + 𝐸2𝑛𝑌𝑜 (
  𝛽𝑛
 𝜆2
𝑟2) )]        
Now, the eigenfunctions 𝜓𝑖𝑛 satisfy the following orthogonality relation:  
∑
𝑘𝑖
𝜆𝑖
3
𝑖=1
 ∫ 𝑟 𝜓𝑖𝑛(𝑟) 𝜓𝑖𝑟(𝑟)
𝑟𝑖
𝑟=𝑟𝑖−1
 𝑑𝑟 =  {
0 if 𝑛 ≠ 𝑟 
𝑁𝑛 if 𝑛 = 𝑟
 ……….……..……………………………………………………..(B17) 
Where the norm 𝑁𝑛 is defined as: 
𝑁𝑛 = ∑
𝑘𝑗
𝜆𝑗
3
𝑗=1
 ∫ 𝑟 𝜓𝑗𝑛
2(𝑟)
𝑟𝑗
𝑟=𝑟𝑗−1
 𝑑𝑟 …………………...……….……..……………………………………………………..(B18) 
Where 𝜓𝑖𝑛  and 𝜓𝑖𝑟  are two different eigenfunctions. Now, the solution for the time variable , 𝛤(𝑡), is obtained immediately 
from Eq. (B9) as (𝑡) = 𝑒−𝛽𝑛
2𝑡 , and the general solution for the temperature distribution, ɸ𝑖(𝑟, 𝑡), in any region 𝑖 is 
constructed as 
 ɸ𝑖(𝑟, 𝑡) =  ∑𝑐𝑛
∞
𝑖=1
𝑒−𝛽𝑛
2𝑡 𝜓𝑖𝑛(𝑟)  for  𝑖 = 1,2,3 ……………...…..……………………………………………………..(B19) 
Where the summation is over all the eigenvalues, 𝛽𝑛(which are the roots of the transcendental equation Eq. (B12)). The general 
solution Eq. (B19) must satisfy the initial temperature distributions at layer 𝑖 i.e.  
ɸ𝑖(𝑟, 0 )  =  ∑ 𝑐𝑛
∞
𝑖=1
𝜓𝑖𝑛(𝑟) = 𝐹𝑖(𝑟) for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ]   …………………………………………………………………..(B20) 
Operating on both sides of equation Eq. (B20), summing the resulting expressions from 𝑖 = 1 to 3, and applying the 
orthogonality relation in Eq. (B17) we obtain:  
𝑐𝑛 = 
1
𝑁𝑛
∑
𝑘𝑗
𝜆𝑗
3
𝑖=1
 ∫ 𝑟 𝜓𝑖𝑛(𝑟)𝐹𝑖(𝑟)
𝑟𝑖
𝑟=𝑟𝑖−1
 𝑑𝑟 ………………………………………………………………………………..(B21) 
Substituting Eq. (B21) into Eq. (B19) (and as T𝑖(𝑟, 𝑡) = ɸ𝑖(𝑟, 𝑡) +  𝑇𝑠𝑒𝑎), the solution for the temperature distribution in any 
region 𝑖  of the composite riser model is given by:  
Practical Methods for Predicting Hydrate Formation during Gas Well Testing in Ultra-Deep Water 33 
 
    𝑇𝑖(𝑟, 𝑡) = 𝑇𝑠𝑒𝑎 + ∑ 𝑒
−𝛽𝑛
2𝑡
1
𝑁𝑛
𝜓𝑖𝑛(𝑟)
∞
𝑛=1
∑
𝑘𝑗
𝜆𝑗
3
𝑗=1
 ∫ ?̂? 𝜓𝑗𝑛(?̂?)𝐹𝑗(?̂?)
𝑟𝑗
?̂?=𝑟𝑗−1
 𝑑?̂?  for 𝑟 𝜖 [𝑟𝑖−1, 𝑟𝑖  ] …….……………………..(B22) 
Where the function 𝑁𝑛 is defined by:  
𝑁𝑛 =
𝑘1
𝜆1
∫ ?̂? 𝜓1𝑛
2(?̂?)
𝑟1
0
 𝑑?̂? +  
𝑘2
𝜆2
∫ ?̂? 𝜓2𝑛
2(?̂?)
𝑟2
𝑟1
 𝑑?̂? +   
𝑘3
𝜆3
∫ ?̂? 𝜓3𝑛
2(?̂?)
𝑟3
𝑟2
 𝑑?̂? ……………………….……………………..(B23) 
This can be written in terms Green’s formal solution of this problem is now complete. 
Appendix C – Visual Basic Code (3-Layer Riser Model)      
This code initially evaluates the transcendental equation (Eq. (B12)) for values of 𝛽𝑛 from 0 to 1, at 0.005 increments. The 
code then identifies when the transcendental equation changes sign, and uses a Newton-Raphson iteration for the value of 𝛽𝑛 
at this point. Once the eigenvalues have been obtained, the appropriate formulae have been entered and a temperature profile is 
automatically generated. The unit for time in Eq. (B22) is seconds, and therefore eigenvalues with magnitude greater than 1 
will have a negligible impact on the temperature distribution (except at time 𝑡 = 0).  
 
  Sub Insulation() 
Dim v As Integer 
For v = 1 To 2000 
Cells(58, 2).Value = v / 2000 
 Range("B58:C58").Copy 
 Cells(60 + v, 2).PasteSpecial xlPasteValues 
 Application.CutCopyMode = False 
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Dim y As Integer 
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         counter = counter + 1 
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Appendix D – Volumetric Heat Rate/External Heat Transfer Coefficient       
This appendix presents two methods of calculating the external heat-transfer coefficient, ℎ𝑐𝑜, and a method for calculating the 
volumetric heat rate,  𝑔0. A three layer riser configuration (as in Fig. 1) is assumed, however the methods presented extend 
easily to the five-layer case. The first method for the external heat-transfer coefficient is perhaps less practical, as it requires 
the temperature at both the outer wall of the tubing and the outer surface of the insulation. The two methods for the external 
heat transfer coefficient are as follows: 
1) Using a thermal resistance network  
 
 
 
 
 
 
 
The heat transfer system may be analysed using a thermal resistance network (Fig. D-1). The total resistance for the riser 
system can be calculated by summing the component resistances as follows: 
𝑅𝑇𝑜𝑡𝑎𝑙 = 𝑅𝑇𝑢𝑏𝑖𝑛𝑔 + 𝑅𝐼𝑛𝑠𝑢𝑙𝑎𝑡𝑖𝑜𝑛  + 𝑅𝐶𝑜𝑛𝑒𝑣𝑒𝑐𝑡𝑖𝑜𝑛   ……..…………..……………………………………………………......(D1) 
We can establish a relationship for the calculation of the external heat-transfer coefficient by assuming that steady state is 
reached during the preceeding drawdown period. Using Fourier’s equation for the rate of conduction through the cylindrical 
layers at steady state, the thermal resistances are then given as the reciprocal of conductance:  
𝑅𝑇𝑢𝑏𝑖𝑛𝑔 =
ln (
𝑟2
𝑟1
)
2𝜋𝑘𝑡𝐿
 ……………..……………………..…………..……………………………………………………........(D2) 
𝑅𝐼𝑛𝑠𝑢𝑙𝑎𝑡𝑖𝑜𝑛 =
ln (
𝑟3
𝑟2
)
2𝜋𝑘𝑖𝑛𝑠𝐿
 ………………………………..…………..……………………………………………………......(D3) 
Where 𝑘𝑡 is the thermal conductivity of the tubing, L is the tubing length, and 𝑘𝑖𝑛𝑠 is the thermal conductivity of the insulation 
layer. Forced convection at the external surface can also be expressed as a resistor:  
𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 =
1
ℎ𝑐𝑜𝐴
=
1
2𝜋𝑟3ℎ𝑐𝑜𝐿
 ……..………………..…………..……………………………………………………......(D4) 
Where ℎ𝑐𝑜 is the external heat transfer coefficient. From Fourier’s equation, we can express the rate of energy transfer between 
any two locations as the temperature drop divided by the thermal resistance between the two points. Therefore, assuming 
steady-state during drawdown, the heat-transfer rate is constant in the radial direction and we obtain: 
?̇? =
𝑇𝑂𝑇 − 𝑇𝑂𝐼
 𝑅𝐼𝑛𝑠𝑢𝑙𝑎𝑡𝑖𝑜𝑛  
= 
𝑇𝑂𝑇 − 𝑇𝑠𝑒𝑎
 𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛  
 ………..……………..…………..……………………………………………………......(D5) 
Where 𝑇𝑂𝑇  is the temperature at the outer wall of the tubing and 𝑇𝑂𝐼  is the temperature at the outer surface of the insulation. 
Substituting Eq. (D2) and Eq. (D3) into Eq. (D5) we obtain the following expression for the external heat transfer coefficient: 
ℎ𝑐𝑜 =
 𝑘𝑖𝑛𝑠
𝑟3ln (
𝑟3
𝑟2
)
(
𝑇𝑂𝑇 − 𝑇𝑂𝐼
𝑇𝑂𝑇 − 𝑇𝑠𝑒𝑎
) ..……..………………..…………..……………………………………………………......(D6) 
Therefore, the external heat transfer coefficient can be calculated if the temperature at the outer wall of the tubing and outer 
surface of the thermal insulation are known, as well as knowledge of both the thermal properties of the insulation and the sea 
temperature. The temperature at the outer wall of the tubing and outer surface of the insulation can be obtained from a 
simulator, such as OLGA. We now outline a more practical procedure for obtaining the external heat transfer coefficient.  
2) Using Correlations 
 
The Nusselt number, 𝑁𝑢 , is defined as the ratio of convective to conductive heat transfer across (normal to) the boundary i.e.: 
𝑁𝑢 =
ℎ𝑐𝑜𝑑
𝑘
 ..………………………..………………..…………..……………………………………………………......(D7) 
Where ℎ𝑐𝑜is the external heat transfer coefficient, 𝑑 the riser diameter and 𝑘 the thermal conductivity of the fluid.  As natural 
sea currents will make forced convection the most likely form of heat exchange at the external surface of the riser, the Nusselt 
number will be a function of the Reynolds number and the Prandtl number. The Prandtl number, 𝑃𝑟 , is the ratio of kinematic 
viscosity to thermal diffusivity: 
𝑃𝑟 =  
𝐶𝑝𝜇
𝑘
   ..………………………..………………..…………..……………………………………………………......(D8) 
Where 𝜇 is the dynamic viscosity and 𝐶𝑝 is the specific heat capacity. The Prandtl number controls the relative thickness of the 
momentum and thermal boundary layers. When 𝑃𝑟  is small, it means that the heat diffuses very quickly compared to the 
velocity.  
   
𝑇𝐼𝑛𝑛𝑒𝑟 𝑇𝑢𝑏𝑖𝑛𝑔 
𝑅𝑡𝑢𝑏𝑖𝑛𝑔 
𝑇𝑂𝑇  
𝑅𝐼𝑛𝑠𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑅𝐶𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 
𝑇𝑂𝐼 
𝑇𝑠𝑒𝑎 
Fig. D-1 – Thermal resistance network 
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Finally we give the Reynolds number, 𝑅𝑒, which is the ratio of inertial forces to viscous forces: 
𝑅𝑒 =  
𝜌𝐯𝑑
𝜇
 ..………………………..………………..…………..……………………………………………………......(D9) 
Where 𝐯 is the mean velocity of the fluid. Now, Fishenden and Saunders (1952) made measurements of heat transfer by forced 
convection for flow across isolated cylinders, and recommend the following correlation: 
𝑁𝑢 = 0.26(Re)
0.6(Pr)0.6 …………………..………..…………..……………………………………………………......(D10) 
This relationship is applicable for both pipeline exposed to air currents and sea currents.  Rearranging we obtain the following 
expression for the external heat transfer coefficient.  
ℎ𝑐𝑜 =
𝑘
𝑑
0.26(Re)0.6(Pr)0.3 …….…………..………..………..…………………………………………………….........(D11) 
The two methods presented for calculating the external heat transfer coefficient will often give different values, and there is 
large uncertainty when determining this value. However, variation in ℎ value does not significantly affect the cool-down 
behaviour of the riser.  
The volumetric heat rate,  𝑔0, can be obtained from an energy balance if the mass-flow rate at steady state is known, as 
well as the inlet and outlet temperatures in a given control volume. Alternatively if 𝑇𝑂𝑇 and 𝑇𝑂𝐼  are known from a simulator, 
then  𝑔0 can be determined. By definition the volumetric heat rate is given as: 
 𝑔0 =
?̇?
𝑉
 …………………………..…………..………..………..……………………………………………………........(D12) 
Where ?̇? is calculated from Eq. (D5) and V is the volume of gas. Substituing Eq. (D5) into Eq. (D12) we obtain:  
 𝑔0 =
2(𝑇𝑂𝑇 − 𝑇𝑂𝐼)𝑘𝑖𝑛𝑠
𝑟12 ln (
𝑟3
𝑟2
)
 .…….….…………..………..………..……………………………………………………........(D13) 
Appendix E – Visual Basic Code (Five-Layer Riser Model)      
In the case of the five-layer riser model, the transcendental equation for eigenvalues involves a 5x5 matrix. The code extends 
in a logical way.  
  
  
Sub Riser() 
Dim v As Integer 
For v = 1 To 4000 
Cells(75, 2).Value = v / 4000 
Range("B75:C75").Copy 
 Cells(77 + v, 2).PasteSpecial xlPasteValues 
 Application.CutCopyMode = False 
Next v 
Dim z As Integer 
For z = 1 To 4000 
Cells(77 + z, 4).FormulaR1C1 = "=SIGN(RC[-1]) + SIGN(R[1]C[-1])" 
If Cells(77 + z, 4).Value = 0 Then 
   Cells(77 + z, 4).Value = Cells(77 + z, 2).Value * 0.5 + Cells(78 + z, 2).Value * 0.5 
Else 
   Cells(77 + z, 4).ClearContents 
End If 
Next z 
Dim i As Integer 
For i = 1 To 10 
Dim x As Integer 
For x = 1 To 4000 
  If Cells(77 + x, 4).Value <> "" Then 
     Cells(75, 2).Value = Cells(77 + x, 4).Value 
 Range("C75:C75").Copy 
Cells(77 + x, 5).Value = Cells(75, 3).Value 
Application.CutCopyMode = False 
     End If 
Next x 
Dim y As Integer 
For y = 1 To 4000 
  If Cells(77 + y, 4).Value <> "" And Cells(77 + y, 4).Value >= 0 Then 
     Cells(77 + y, 6).Value = (Cells(76 + y, 3).Value - Cells(78 + y, 3).Value) / (Cells(76 + y, 2).Value - Cells(78 + y, 2).Value) 
     Cells(77 + y, 7).Value = Cells(77 + y, 4).Value - (Cells(77 + y, 5).Value / Cells(77 + y, 6).Value) 
      Else: Cells(77 + y, 4).ClearContents 
   Cells(77 + y, 5).ClearContents 
   Cells(77 + y, 6).ClearContents 
     End If 
Next y 
    Range("G78:G80240").Select 
    Selection.Copy 
    Range("D78:D80240").Select 
    ActiveSheet.Paste 
Next i 
Dim counter As Integer, s As Integer 
 counter = 0 
For s = 1 To 4000 
     If Cells(s + 77, 4).Value <> "" And Cells(s + 77, 4).Value >= 0 Then 
         Cells(counter + 78, 10).Value = Cells(s + 77, 4).Value 
         counter = counter + 1 
     End If 
Next s 
 Range("K78:BN78").AutoFill Destination:=Range("K78:BN" & Range("J" & Rows.Count).End(xlUp).Row) 
    End Sub 
 
Sub fill() 
 
 Range("K78:BN78").AutoFill Destination:=Range("K78:BN" & Range("J" & Rows.Count).End(xlUp).Row) 
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Appendix F – Derivation of Analytic Solution (Hasan et al.), Energy Balance, Sagar et al. Correlation and 
Derivation of the Overall Heat Transfer Coefficient  
 Derivation of analytic solution (Hasan et al.) 
Performing an energy balance for a control volume of unit length within the wellbore (see Fig. 5), we obtain the following 
partial differential equation for fluid temperature:  
𝑄 =
𝜕(𝑚𝐸)𝑓
𝜕𝑡
+
𝜕(𝑚𝐸)𝑤
𝜕𝑡
−
𝜕
𝜕𝑧
 (𝑤𝐻 +
𝑤𝑣2
2
− 𝑤𝑔𝑧 sin 𝜃)  .…….….……………………………..………………..........(F1) 
Where the internal energy and mass of the wellbore system (𝑚𝐸)𝑤 represents the energy absorbed or released by the tubulars 
and cement sheaths in the wellbore. If radial heat transfer between the wellbore fluid and formation is assumed to be at steady 
state, then the heat energy flowing through each of the elements must be the same.  In this case heat loss to (or received from) 
the formation Q is given by: 
𝑄 = 𝑤𝑐𝑝(𝑇𝐹𝑛 − 𝑇𝑓)𝐿𝑅 .……………………………………………...….……………………………..………………........(F2) 
Where 𝐿𝑅 is the relaxation parameter given by:  
𝐿𝑅 =  
2𝜋
𝑤𝑐𝑝
(
𝑟𝑡𝑜𝑈𝑡𝑜𝑘𝑒
𝑘𝑒 + (𝑟𝑡𝑜𝑈𝑡𝑜𝑇𝐷)
) ….…………………………………...….……………………………..………………........(F3) 
Where 𝑈𝑡𝑜 is the overall-heat transfer coefficient, 𝑘𝑒 is the formation conductivity, 𝑟𝑡𝑜 is the tubing outer radius, and 𝑇𝐷 is the 
dimensionless temperature-distribution as given as:  
𝑇𝐷 = ln (𝑒
−0.2𝑡𝐷 + (1.05 − 0.372𝑒−𝑡𝐷) 𝑡𝐷) ……....……....……....……....……....……....…………..…………………..(F4) 
Where 𝑡𝐷 is the dimensionless time, 𝑡𝐷: =  𝑘𝑒𝑡/𝜌𝑒𝑐𝑒𝑟𝑤𝑏
2, and 𝑟𝐷  is the dimensionless wellbore radius 𝑟𝐷: = 𝑟/𝑟𝑤𝑏 . Now, 
during the early period of a drawdown test the mass flow rate varies with depth. However steady rate in fluid flow is achieved 
much more rapidly that stabilization of fluid temperature. We therefore assume that mass flow rate, 𝑤, is independent of well 
depth and can therefore write the RHS of Eq. (F1) as: 
𝜕
𝜕𝑧
 (𝑤𝐻 +
𝑤𝑣2
2
− 𝑤𝑔𝑧 sin 𝜃) = 𝑤 (
𝜕𝐻
𝜕𝑧
+ 𝑣
𝜕𝑣
𝜕𝑧
− 𝑔 sin 𝜃) = 𝑤 (𝑐𝑝
𝜕𝑇𝑓
𝜕𝑧
− 𝐶𝐽𝑐𝑝
𝑑𝑝
𝑑𝑧
+ 𝑣
𝜕𝑣
𝜕𝑧
− 𝑔 sin 𝜃)    .………….......(F5) 
Furthermore the temperature rise of the cement and tubular material may be taken to be a fraction of the rise in the fluid 
temperature at any time i.e. 
(𝑚𝐸)𝑤 = 𝐶𝑇(𝑚𝐸)𝑓 .…...…………………………………………...….……………………………..………………........(F6) 
Where the thermal-storage parameter (𝐶𝑇) represents the capacity of the wellbore to store or release heat as a multiple of the 
fluid mass and fluid heat capacity. Therefore the RHS of equation Eq. (F1) can be further rewritten by: 
𝜕(𝑚𝐸)𝑓
𝜕𝑡
+
𝜕(𝑚𝐸)𝑤
𝜕𝑡
=
𝜕
𝜕𝑡
(𝑚𝑐𝑃𝑇𝑓(1 + 𝐶𝑇))   .…….…………………..……………………………..………………........(F7) 
Substituting Eq. (F6), Eq. (F4) and Eq. (F2) into Eq. (F1) we obtain:  
(1 + 𝐶𝑇)
𝜕𝑇𝑓
𝜕𝑡
− 𝑣
𝜕𝑇𝑓
𝜕𝑧
= 𝑣[𝑇𝐹𝑛(𝑧) − 𝑇𝑓]𝐿𝑅 + 𝑣 (𝜙 −
𝑔𝑠𝑖𝑛𝜃
𝑐𝑝𝐽𝑔𝑐
)      .…………………………………..………………........(F8) 
Where 𝑣 is the fluid velocity, 𝑔𝑐 and 𝐽 represent appropriate conversion factors, and 𝜙 is a lumped parameter combining the 
Joule-Thompson effect and kinetic energy contribution: 
𝜙 =  
𝑣
𝑐𝑝𝐽𝑔𝑐
𝜕𝑣
𝜕𝑧
− 𝐶𝐽
𝜕𝑝
𝜕𝑧
 ………….…………………………………...….……………………………..………………........(F9) 
Where 𝐶𝐽 is the Joule-Thompson coefficient, which is a measure of the change in temperature of a fluid for a given change in 
pressure, at constant enthalpy. Hasan et al. (2005) suggest approximating the temperature gradient  𝜕𝑇𝑓/𝜕𝑧  by a steady-state 
expression i.e. 
𝑇𝑓 = 𝑇𝐹𝑛 +
1 − 𝑒(𝑧−𝐿)𝐿𝑅
𝐿𝑅
(𝑔𝐺𝑠𝑖𝑛𝜃 + 𝜙 −
𝑔𝑠𝑖𝑛𝜃
𝑐𝑃𝐽𝑔𝑐
) .……………………….…………………………..………………......(F10) 
Where 𝜓 is given by: 
𝜓 = 𝑔𝐺𝑠𝑖𝑛𝜃 + 𝜙 −
𝑔𝑠𝑖𝑛𝜃
𝑐𝑃𝐽𝑔𝑐
 .…………………………………….………….…………………………..……………..........(F11) 
Differentiating Eq. (F9) with respect to depth and substituting the result into Eq. (F7) gives:   
 
𝑑𝑇𝑓
𝑑𝑡
+
𝑣𝐿𝑅
(1 + 𝐶𝑇)
𝑇𝑓 = 
𝑣
(1 + 𝐶𝑇)
(𝑇𝐹𝑛(𝑧)𝐿𝑅 +  𝜓(1 − 𝑒
(𝑧−𝐿)𝐿𝑅)) ....…………………………………..……………….......(F12) 
This linear ordinary differential equation can be solved using an integrating factor:  
𝐼(𝑡) = 𝑒
∫
𝑣𝐿𝑅
(1+𝐶𝑇)
𝑑𝑡
= 𝑒
𝑣𝐿𝑅
(1+𝐶𝑇)
𝑡
      
 …...………………………….………….…………………………..…………….........(F13) 
We suppose that at time t = 0, the temperature of the gas is equal to that of the formation. We then obtain:  
𝑇𝑓(𝑧, 𝑡) = 𝑇𝐹𝑛(𝑧)    +
𝜓(1 − 𝑒(𝑧−𝐿)𝐿𝑅)
𝐿𝑅
(1 − 𝑒
−
𝑣𝐿𝑅
(1+𝐶𝑇)
𝑡
)
      
 …………….…….………...……………..…………….........(F14) 
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 Energy Balance  
We perform an energy balance for a control volume of length Δz as in Fig. (F1) below. This is written by balancing heat loss 
by conduction to the formation, plus the convective energy transport in and out of the control volume.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Gas flows from 𝑧 + ∆𝑧 to 𝑧 and the amount of the heat 𝑤𝐻 enters at 𝑧 + ∆𝑧 by condvection, where 𝑤 is the mass flow rate and 
𝐻 is the enthalpy. Heat loss to the formation by conduction adds the term 𝑄 to the equation. Adding potential and kinetic 
energies to the heat energy of the fluid and expressing the energy balance in terms of fluid internal energy, 𝐸, fluid enthalpy, 𝐻 
and fluid mass in the control volume, 𝑚, we obtain:  
𝑄 =
𝜕(𝑚𝐸)𝑓
𝜕𝑡
+
𝜕(𝑚𝐸)𝑤
𝜕𝑡
−
𝜕
𝜕𝑧
 (𝑤𝐻 +
𝑤𝑣2
2
− 𝑤𝑔𝑧 sin 𝜃)  .…….….…………………………..………………..........(F15) 
Where the internal energy and mass of the wellbore system (𝑚𝐸)𝑤 represents the energy absorbed or released by the tubing 
and cement sheaths in the wellbore. 
 
 Sagar et al Correlation 
Sagar et al. (1991) provide the following correlation which is applicable for a flow rates less than 5 lbm/s: 
𝜙 = −0.002978 + (1.006 × 10−6𝑝𝑤ℎ) + (1.906 × 10
−4𝑤) − (1.047 × 10−6𝐺𝐿𝑅) + (3.229 × 10−5𝐴𝑃𝐼) 
……..(F16) 
        +0.004009𝛾𝑔 − 0.3551𝑔𝑔 
For flow rates higher than 5 lbm/s, Sagar et al. suggest setting 𝜙 = 0. 
 
 Derivation of the Overall Heat Transfer Coefficient  
Willhite (1967), presented an expression for the overall heat transfer by assuming heat transfer to be at steady state. Under this 
assumption the rate of heat flow through a wellbore per unit length of the well, 𝑄, can be written as: 
Where 𝑇𝑤𝑏  is the temperature of the formation-wellbore interface, 𝑈𝑡𝑜 is the overall heat transfer coefficient, and 2𝜋𝑟𝑡𝑜 is the 
tubing outer surface area. By assuming heat transfer to be at steady-state, heat flow through each of the elements must be the 
same. This allows us to write the rate of heat transfer across each element in terms of the temperature difference and thermal 
resistance given by that element. From Fourier’s equation for the rate of conduction, we obtain the thermal resistances as the 
reciprocal of conductance, and as the sum of the temperature drops across all these elements is equal to the temperature 
difference between the fluid and the wellbore/formation interface we obtain: 
𝑇𝑓 − 𝑇𝑤𝑏 = −
𝑄
2𝜋
 [
1
𝑟𝑡𝑜(ℎ𝑐 + ℎ𝑟)
+
1
𝑟𝑤𝑖ℎ𝑡
+
ln (
𝑟𝑡𝑖
𝑟𝑤𝑖
)
𝑘𝑤
+
ln (
𝑟𝑡𝑜
𝑟𝑡𝑖
)
𝑘𝑡
+
ln (
𝑟𝑐𝑜
𝑟𝑐𝑖
)
𝑘𝑐𝑎
+
ln (
𝑟𝑤𝑏
𝑟𝑐𝑜
)
𝑘𝑐𝑒
] ……………..………….. (F18) 
We note that when being applied to field cases there will be more resistances to heat flow than in the above equation, and they 
will vary with axial position based on the casing design. From (2.23) and (2.24) we obtain:  
1
𝑈𝑡𝑜
=
𝑟𝑡𝑜
𝑟𝑤𝑖ℎ𝑡
+
𝑟𝑡𝑜ln (
𝑟𝑡𝑖
𝑟𝑤𝑖
)
𝑘𝑤
+
𝑟𝑡𝑜ln (
𝑟𝑡𝑜
𝑟𝑡𝑖
)
𝑘𝑡
+
1
(ℎ𝑐 + ℎ𝑟)
+
𝑟𝑡𝑜ln (
𝑟𝑐𝑜
𝑟𝑐𝑖
)
𝑘𝑐𝑎
+
𝑟𝑡𝑜ln (
𝑟𝑤𝑏
𝑟𝑐𝑜
)
𝑘𝑐𝑒
 ………………..………………(F19) 
 
 
𝑄 =  −2𝜋𝑟𝑡𝑜𝑈𝑡𝑜(𝑇𝑓 − 𝑇𝑤𝑏) .…… ………………………………...….……………………………..………………........(F17) 
Annulus Fluid 
Casing 
      
 
𝑄 
𝜃 
(𝜌, 𝑣, 𝑝, 𝐻)𝑧+∆𝑧 
(𝜌, 𝑣, 𝑝, 𝐻)𝑧 
𝑻𝒇 
Production Tubing 
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Formation 
𝑻𝑭𝒏 
Fig. F 1 – Energy balance for wellbore-fluid temperature  
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Appendix G – Programme Development       
 Full Test Simulation  
Fig. F1 shows the inputs required by the spreadsheet programme that outputs the fluid temperature over multiple drawdown 
and shut-in periods. The cells in red are calculated from other cells. Fig. F2 shows the test data required. First, the number of 
flow periods and depth for simulation should be entered. The user should then press the “Enter” button (see Fig. F2), at which 
point a table will extend out, and the gas rate and duration of each flow period should entered. Once this has been done, the 
user can press the “Simulate Test” button and a temperature profile will be generated.  
 
 
 
  
Bottomhole Pressure (psig) 4850.00
Bottomhole Temperature (F) 214
Depth of Flowing Interval (MD ftss) 10529
Pipe Roughness (ft) 0.00025
Perforated Depth (ft below Mudline) 6747.00
Thermal Conductivity (Btu/hr-ft-F) 0.02
Specific Heat Capacity (Btu/lbm-F) 0.50
Atmospheric Pressure Viscosity (cP) 0.0120
Formation Volume Factor 1.9
SG 0.65
Pseudocritical Temperature (Rankine) 370.26
Psuedocritical Pressure (psia) 671.44
Atmospheric Pressure Density (lb/ft3) 74.8
Thermal Conductivity (Btu/hr-ft-F) 0.30
Specific Heat Capacity (Btu/lbm-F) 1.00
Atmospheric Pressure Viscosity (Cp) 1.50
Formation Volume Factor (STB/RB) 1.1
Volumetric Thermal Expansion Coefficient (1/F) 0.00015
Seabed Temperature (F) 39.2
Surface Temperature (F) 76
Sea Bed Level (ftss) 3782
Mean Sea Level  (ft) 81.02
Deep Sea Current Velocity (ft/s) 0.164
Shallow Sea Current Velocity (ft/s) 1.64
Sea Water Viscosity (Cp) 1
Sea Water Specific Heat Capacity (Btu/lbm-F) 0.82
Sea Water Density (lbm/ft3) 64.2
Sea Water Thermal Conductivty (Btu/hr-ft-F) 0.38
Riser Properties 
Riser Outer Radius (ft) 0.401
Riser Inner Radius (ft) 0.375
Riser Thermal Conductivty (Btu/hr-ft-F) 27.95
Riser Specific Heat Capacity (Btu/lbm-F) 0.12
Miscellaneous Calaculated Parameters
API 86.2
Gravity (ft/hr2) 416975040.00
Gravity Correction Factor  ((lbm-ft)/(lbf-s2)) 32.20
Correction Factor J ((ft.lbf)/BTU) 778.17
Fluid Velocity (ft/hr) 701509.391
Cross Sectional Area (ft2) 0.06
Annulus Fluid Viscosity (lb/ft-hr) 3.63
Sea Water Viscosity (lb/ft-hr) 2.42
Gas Viscosity (lb/ft-hr) 0.02902906
Approximate Sea Temperature Gradient (F/ft) 0.0155
Sea Water Velocity (ft/hr) 590.4
Gas Reynolds Number 2.33E+06
Density @ 115 T, 120 Psi (lbm/ft3) 0.35
Density @ SC (lbm/ft3) 0.056
Gravity (ft/s2) 32.17
Geothermal Gradient (F/ft) 0.025907811
Wellbore Properties 
Gas Properties 
Annulus Fluid Properties 
Seawater Properties 
Conductor Casing Surface Casing Intermediate Casing I Production Casing Production Tubing
Outer Radius (ft) 1.50 0.83 0.56 0.40 0.19
Inner Radius (ft) 1.38 0.80 0.52 0.36 0.14
Thermal Conductivty (Btu/ft-F-hr) 30.00 30.00 30.00 30.00 30.00
Average Inclination (Degrees) (Vertical Well = 90, Horizontal = 0) 90.00 89.80 79.00 73.00 73.00
Top of Casing (ft MD) 0.00 0.00 0.00 0.00 -
Bottom of Casing (ft MD) 4065.78 6799.44 8954.4 11732.56 -
Cement Sheath Thickness (ft) 0.05 0.46 0.17 0.08
Cement Thermal Conductivity (Btu/hr-ft-F) 1.80
Casing/Cement Properties
Bottomhole Pressure (psig) 4850.00
Bottomhole Temperature (F) 214
Depth of Flowing Interval (MD ftss) 10529
Pipe Roughness (ft) 0.00025
Perforated Depth (ft below Mudline) 6747.00
Thermal Conductivity (Btu/hr-ft-F) 0.02
Specific Heat Capacity (Btu/lbm-F) 0.50
Atmospheric Pressure Viscosity (cP) 0.0120
Formation Volume Factor 1.9
SG 0.65
Pseudocritical Te perature (Rankine) 370.26
Psuedocritical Pressure (psia) 671.44
Atmospheric Pressure Density (lb/ft3) 74.8
Thermal Conductivity (Btu/hr-ft-F) 0.30
Specific Heat Capacity (Btu/lbm-F) 1.00
Atmospheric Pressure Viscosity (Cp) 1.50
Formation Volume Factor (STB/RB) 1.1
Volumetric Thermal Expansion Coefficient (1/F) 0.00015
Seabed Temperature (F) 39.2
Surfac  Temperatur  (F) 76
Sea Bed Level (ftss) 3782
Mean Sea Level  (ft) 81.02
Deep Sea Current Velocity (ft/s) 0.164
Shallow Sea Current Velocity (ft/s) 1.64
Sea Water Viscosity (Cp) 1
Sea Water Specific Heat Capacity (Btu/lbm-F) 0.82
Sea Water Density (lbm/ft3) 64.2
Sea Water Thermal Conductivty (Btu/hr-ft-F) 0.38
Riser Properties 
Riser Outer Radius (ft) 0.401
Riser Inner Radius (ft) 0.375
Riser Thermal Conductivty (Btu/hr-ft-F) 27.95
Riser Specific Heat Capacity (Btu/lbm-F) 0.12
Miscellaneous Calaculated Parameters
API 86.2
Gravity (ft/hr2) 416975040.00
Gravity Correction Factor  ((lbm-ft)/(lbf-s2)) 32.20
Correction Factor J ((ft.lbf)/BTU) 778.17
Fluid Velocity (ft/hr) 701509.391
Cross Sectional Area (ft2) 0.06
Annulus Fluid Viscosity (lb/ft-hr) 3.63
Sea Water Viscosity (lb/ft-hr) 2.42
Gas Viscosity (lb/ft-hr) 0.02902906
Approximate Sea Temperature Gradient (F/ft) 0.0155
Sea Water Velocity (ft/hr) 590.4
Gas Reynolds Number 2.33E+06
Density @ 115 T, 120 Psi (lbm/ft3) 0.35
Density @ SC (lbm/ft3) 0.056
Gravity (ft/s2) 32.17
Geothermal Gradient (F/ft) 0.025907811
Wellbore Properties 
Gas Properties 
Annulus Fluid Properties 
Seawater Properties 
 i 4850.00
 ) 214
l (  ftss) 10529
0.00025
 l  li ) 6747.00
l ti it  t / r-ft- ) 0.02
ifi  t it  ( t /l - ) 0.50
t s eric ress re isc sit  (c ) 0.0120
or ation olu e actor 1.9
S 0.65
Pseudocritical Te perature (Rankine) 370.26
Psuedocritical Pressure (psia) 671.44
Atmospheric Pressure Density (lb/ft3) 74.8
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Specific Heat Capacity (Btu/lbm-F) 1.00
Atmospheric Pressure Viscosity (Cp) 1.50
Formation Volume Factor (STB/RB) 1.1
Volumetric Thermal Expansion Coefficient (1/F) 0.00015
Seabed Temperature (F) 39.2
Surface Temperature (F) 76
Sea Bed Level (ftss) 3782
Mean Sea Level  (ft) 81.02
Deep Sea Current Velocity (ft/s) 0.164
Shallow Sea Current Velocity (ft/s) 1.64
Sea Water Viscosity (Cp) 1
Sea Water Specific Heat Capacity (Btu/lbm-F) 0.82
Sea Water Density (lbm/ft3) 64.2
Sea Water Thermal Conductivty (Btu/hr-ft-F) 0.38
Riser Properties 
Riser Outer Radius (ft) 0.401
Riser Inner Radius (ft) 0.375
Riser Thermal Conductivty (Btu/hr-ft-F) 27.95
Riser Specific Heat Capacity (Btu/lbm-F) 0.12
Miscellaneous Calaculated Parameters
API 86.2
Gravity (ft/hr2) 416975040.00
Gravity Correction Factor  ((lbm-ft)/(lbf-s2)) 32.20
Correction Factor J ((ft.lbf)/BTU) 778.17
Fluid Velocity (ft/hr) 701509.391
Cross Sectional Area (ft2) 0.06
Annulus Fluid Viscosity (lb/ft-hr) 3.63
Sea Water Viscosity (lb/ft-hr) 2.42
Gas Viscosity (lb/ft-hr) 0.02902906
Approximate Sea Temperature Gradient (F/ft) .0155
Sea Water Velocity (ft/hr) 590.4
Gas Reynolds Number 2.33E+06
Density @ 115 T, 120 Psi (lbm/ft3) 0.35
SC (lbm/ft3) 0.056
Grav (ft/s2) 32.17
eothermal Gradient (F/ft) 0.025907811
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Fig. G 1– Layout of the inputs to the spreadsheet programme   
 
Test Duration (hr): 112.00
Depth for Simulation (ftss): 3000
Number of Flow Periods: 11
Gas Rate MMScfD Duration (hr)
1 25.00 8.00
2 0.00 14.00
3 10.00 4.50
4 0.00 14.50
5 20.00 4.00
6 0.00 14.00
7 3 .0 7.00
8 0.00 20.00
9 70.00 5.00
10 0.00 17.00
11 76.00 4.00
Full Test Simulation (Enter  a single rate for each DD and 0 for BU period) 
Enter
Simulate Test
Fig. G 2 – Layout of the test data required 
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The visual basic code linked to the “Enter” button is as follows:  
 
 
 
 
 
 
 
 
 
 
The visual basic code linked to the “Simulate Test” buttom is as follows:  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
Sub Numberoflowperiods() 
 Range("F20:I100").Select 
    Selection.ClearContents 
 Dim z As Long 
 z = Worksheets("Data Input").Cells(18, "G").Value 
For i = 1 To z 
Cells(19 + i, "F").Value = i 
Next i 
 Range("F20").Select 
   Cells(16, "F").Value = "Test Duration (hr):" 
    Cells(16, "G").Formula = "=SUM(H" & 18 + z + 1 & " : H20)" 
  End Sub 
Sub Simulate() 
 Range("R7:AF4380").Select 
   Selection.ClearContents 
Dim i%, m 
With Range("BL9:BL2017") 
i = .Row 
m = Application.Match(Cells(1, "AC").Value, .Value, 1) 
If Not IsError(m) Then i = .Cells(1, 1).Offset(m).Row 
End With 
Dim u As Long 
 u = Worksheets("Data Input").Cells(18, "G").Value * 6 
    Range("R6:AF6").Select 
   Selection.AutoFill Destination:=Range("R6:AF" & 5 + u), Type:=xlFillDefault 
Dim z As Long 
 z = Worksheets("Data Input").Cells(18, "G").Value 
For p = 1 To z 
Dim x As Long 
For x = 0 To 5 
Cells(6 * p + x, "AC").Value = x * Cells(19 + p, "H").Value / (5) 
Cells(6 * p + x, "U").Value = Cells(19 + p, "G").Value 
Next x 
Next p 
Dim t As Integer 
For t = 1 To u 
Cells(3, "CD").Value = Cells(5 + t, "U") 
Cells(5 + t, "T").Value = Cells(i, "CQ").Value 
Cells(5 + t, "P").Value = Cells(i, "CB").Value 
Cells(5 + t, "Q").Value = Cells(i, "BQ").Value 
Cells(5 + t, "R").Value = Cells(i, "CM").Value 
Next t 
End Sub 
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Appendix H – Shut-in Temperature Profiles (Comparing Gauge Temperature and Analytical Solution)     
In all cases the thickness of the condensate water layer was set to 0.01 mm, the external sea temperature to 3.6oC, and the sea 
current velocity to 0.5 m/s. Overall, the plots contained in this appendix show good agreement between the gauge temperature 
and the temperature calculated from analytical solution Eq. (7).  
 
    Volumetric Heat Rate = 500 w/m3 
 
 Volumetric Heat Rate = 775 w/m3 
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Fig. H 1 – Comparison between gauge temperature and analytic solution (volumetric heat rate = 500 w/m3)   
Fig. H 2 - Comparison between gauge temperature and analytic solution (volumetric heat rate = 775 w/m3)   
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 Volumetric Heat Rate = 1150 w/m3 
 
 
 
 Volumetric Heat Rate = 1600 w/m3 
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Fig. H 4 - Comparison between gauge temperature and analytic solution (volumetric heat rate = 1600 w/m3)   
 
Fig. H 3 - Comparison between gauge temperature and analytic solution (volumetric heat rate = 1150 w/m3)   
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Appendix I – Transient Temperature Profiles  
In this appendix, temperature measurements made by a gauge located in the landing string carrier are compared with the 
calculated temperatures of the gas within the riser, at the same depth. Comparisons are shown for three different flowing 
periods, and on average agreement betwe:  
  
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Depth, ftss 
Fig. I 1– (a),(b),(c) Comparing transient temperature profiles with gauge data for three different flow periods.  
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Appendix J – Dynamic Simulation Study (OLGA)   
The well design was input to OLGA (see Fig. J1 (a) and Fig. J1 (c)), along with the relevant heat transfer data (see Fig. J1 
(b)).   
To vary the gas flow rate in OLGA, the user can manually specify different well head pressures. A parametric study was set up 
that allowed multiple WHP’s to be specified, and numerious simulations to be run at the same time. The stabilisation period 
for the system was around 4 hours and so the end time for each run was set to 6 hours.The following transient temperature 
profiles were obtained by setting the WHP to 3250 psia, and the corresponding production times are labelled. The temperature 
of the gas arriving at the surface was read off the graph at 10 minute intervals and compared against calculations from the 
spreadsheet programme.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. J 1- (a) Well schematic generated from OLGA (b) Ambient temperature profile and sea current velocity profile (c) well trajectory 
Fig. J 2 – Transient temperature profiles generated using OLGA for t = 0 to 1.5 hours 
Time = 0 Hrs 
Time = 0.5 Hrs 
Time = 1 Hr 
Time = 1.5 Hr 
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The temperatures of the gas arriving at the surface, calculated by OLGA (used to generate Fig. 13(a)), are boxed in Fig. J2 and 
Fig. J3. The corresponding values calculated by the spreadsheet programme are obtained from Fig. I1 (a) – (c).  
 
 
Fig. J 3 - Transient temperature profiles generated using OLGA for t = 2 to 5 hours 
Time = 2 hours Time = 3 hours 
Time = 4 hours 
Time = 5 hours 
